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THEORY OF THE CORRECTION OF CELESTIAL OBSERVATIONS 
MADE FOR SPACE NAVIGATION OR TRAINING 
By Burnet t  L .  Gadeberg and Kenneth C .  White 
Ames Research Center 
SUMMARY 
This r e p o r t  d i scusses  t h e  theory of t h e  c o r r e c t i o n  of c e l e s t i a l  
observa t ions ,  made f o r  space naviga t ion ,  instrument  c a l i b r a t i o n ,  o r  t r a i n i n g ;  
as  we l l  as new theo r i e s  concerning window r e f r a c t i o n  and luna r  geometr ical  
l i b r a t i o n s .  I t  p re sen t s ,  i n  an e a s i l y  understood form, e s s e n t i a l l y  a l l  
cu r r en t  information on t h e  co r r ec t ions  f o r  c e l e s t i a l  observa t ions ,  p rovid ing  
a  sound b a s i s  from which t h e  engineer  can de r ive  h igh-prec is ion  observa t ions .  
The co r rec t ions  a s soc i a t ed  with these  observat ions have been l i s t e d  and 
c l a s s i f i e d .  Where t h e  theory has been completed, equat ions and cons tan ts  
a r e  provided,  o r  i n d i c a t e d ,  by which t h e  reduct ion may b e  e f f e c t e d ;  i n  some 
cases ,  t he  equat ions have been r e c a s t  i n  a  form convenient f o r  machine com- 
p u t a t i o n .  Where t h e  theory o r  knowledge was incomplete,  developments a r e  
provided,  o r  t h e  requirements t o  develop t h e  theory a r e  made known. 
INTRODUCTION 
One of  t h e  requirements of  a  space naviga t ion  system i s  t h a t  c e l e s t i a l  
observat ions (measurements) of some kind b e  provided p e r i o d i c a l l y  , from which 
t h e  s t a t e  v e c t o r  of t h e  veh ic l e  may be  updated o r  determined d i r e c t l y .  
The types of measurements t h a t  may b e  c l a s s i f i e d  as  c e l e s t i a l  
observa t ions  a r e  l imi t ed  by s t anda rd  usage i n  astronomy t o  angular  measure- 
ments between c e l e s t i a l  bod ie s .  The body on which t h e  observer  i s  s i t u a t e d  i s  
no t  included,  except when cons idera t ion  i s  given t o  s e x t a n t  h o r i z o n - a l t i t u d e  
measurements. I n  gene ra l ,  however, we w i l l  be  cons ider ing  c e l e s t i a l  observa- 
t i o n s  as angular  measurements between var ious  combinations of s t a r s  and 
bodies  of t h e  s o l a r  system, a l l  s i t u a t e d  some d i s t ance  from t h e  observer .  
Four types of observat ions a r e  considered i n  t h i s  d i scuss ion .  They a r e  
t h e  measurements between: two s t a r s  ; a  s t a r  and t h e  limb of a  body d i sp l ay ing  
an extended d i sk ;  a  s t a r  and some permanent marking on the  su r f ace ,  commonly 
known as a  landmark; o r  two limbs of t h e  same body o r  two d i f f e r e n t  bod ie s .  
Any of t hese  types of  observat ions may be  made with one s e t t i n g  of a  s e x t a n t  
o r  two s e t t i n g s  of  a  t h e o d o l i t e .  A l l  four  types of  observat ions a r e  of  va lue .  
To provide p o s i t i o n  information f o r  space naviga t ion ,  an observa t ion  must 
inc lude  a t  l e a s t  one body wi th in  t h e  s o l a r  system; however, s t a r - s t a r  obser-  
va t ions  a r e  very use fu l  f o r  instrument  c a l i b r a t i o n  and f o r  t h e  t r a i n i n g  o f  
observers .  Measurements made between a  s t a r  and t h e  limb of an extended d isk  
a r e  u se fu l  t o  provide p o s i t i o n  information.  Observations made between a  s t a r  
and a  landmark a l s o  provide p o s i t i o n  information,  b u t  they may be more 
accu ra t e  when t h e  d e s t i n a t i o n  body i s  c lo se  by .  S igh t s  between t h e  two limbs 
of t he  same body a r e  u se fu l  i n  providing d i s t ance  information from t h e  body 
when i t s  apparent diameter i s  l a rge .  
Such measurements have a s soc i a t ed  e r r o r s ,  which may b e  c l a s s i f i e d  as 
e i t h e r  random o r  sys temat ic .  Accurate u t i l i z a t i o n  of t h e  d a t a  r equ i r e s  t h a t  
t hese  e r r o r s  b e  compensated a s  p r e c i s e l y  a s  p o s s i b l e .  I n  t h e  case of random 
e r r o r s ,  t h i s  compensation can b e  accomplished only by p r o b a b i l i s t i c  means 
such as  a  weighted l e a s t  squares  ( r e f .  1) o r  a  s equen t i a l  data-processing 
method i n  t h e  form of a  Kalman f i l t e r  ( r e f .  2 ) .  S tudies  descr ib ing  such o p t i -  
mum compensation f o r  random e r r o r s  ignore t h e  sys temat ic  e r r o r s  on t h e  premise 
t h a t  they a r e  known and, t h e r e f o r e ,  can be  cor rec ted .  However, t he  proper  
co r r ec t ion  of sys temat ic  e r r o r s  i s  no t  t r i v i a l  and r equ i r e s  d e t a i l e d  a t t e n t i o n  
t o  t he  theory .  
There has been much previous work, l a r g e l y  by astronomers,  on t h e  
sys temat ic  e r r o r s  i n  c e l e s t i a l  observat ions ( r e f s .  3 and 4 ) .  This work, how- 
eve r ,  has  been d i r e c t e d  t o  s a t i s f y i n g  p a r t i c u l a r  needs, and does no t  cons t i -  
t u t e  a  complete theory f o r  t he  problems p e c u l i a r  t o  space naviga t ion .  One 
purpose of t h i s  r e p o r t  i s  t o  develop such a  theory i n s o f a r  as i t  i s  poss ib l e  
a t  t h i s  t ime,  and t o  p re sen t  mathematical techniques s u i t a b l e  f o r  a p p l i c a t i o n  
t o  s p e c i f i c  space-navigat ion problems . In  some cases ,  astronomers ' previous 
work can be used d i r e c t l y ,  o r  with only minor modi f ica t ions .  Other cases  
r e q u i r e  add i t i ona l  a n a l y s i s ,  provided h e r e i n .  Where t h e r e  i s  i n s u f f i c i e n t  
knowledge f o r  t he  development of p r e c i s e  c o r r e c t i o n  formulas,  t h e  requirements 
of t h e  co r r ec t ion  theory a r e  ou t l i ned  i n  genera l  terms.  
For most cases i n  space (pos i t i on )  naviga t ion ,  t h e  angle des i r ed  as  an 
input  t o  t he  system is  the  "geometric" angle as  seen  by t h e  observer ,  where 
"geometric" angle means t h e  instantaneous angle between t h e  centers  of t h e  
masses of  t h e  two bodies  unaf fec ted  by d i s t ance ,  t h e  speed of  l i g h t ,  o r  t h e  
v e l o c i t y  of t h e  observer .  Since a l l  t he  bodies  of t h e  universe  a r e  i n  a  
s t a t e  of dynamical motion, and t h e  angles between them a r e  cons t an t ly  changing 
f o r  any observer ,  a  measure of the  time of observa t ion  i s  an e s s e n t i a l  f a c t o r .  
Even under i d e a l  circumstances,  an observer  r a r e l y  can measure t h e  
des i r ed  angle.  His own v e l o c i t y  causes abe r r a t ion  of t he  l i g h t ,  t h e  apparent 
p o s i t i o n  of t h e  body d i f f e r s  from t h e  t r u e  p o s i t i o n  and ephemeris p o s i t i o n  due 
t o  t he  f i n i t e  time of t ransmiss ion  of t he  l i g h t ,  t h e  l i g h t  rays  may have been 
r e f r a c t e d  by an atmosphere o r  a  window, o r  t he  p o i n t  on t h e  body t h a t  r e a l l y  
concerns him, t h e  cen te r  of mass, i s  unmarked. There a r e  a l s o  sys temat ic  
e r r o r s  a s soc i a t ed  d i r e c t l y  with the  use of o p t i c a l  instruments  i n  making t h e  
measurements, and s i m i l a r  e r r o r s  introduced by t h e  human ope ra to r  of t h e  
instrument .  This r e p o r t  provides d e f i n i t i v e  desc r ip t ions  of t hese  e r r o r s  and 
o u t l i n e s  some of t he  techniques whereby co r rec t ions  may be appl ied .  
The r e s u l t s  of t h i s  work have been used t o  develop a  s e r i e s  of computer 
programs f o r  reducing s i g h t s  made on t h e  s u r f a c e  of  t h e  Ear th ,  i n  a  high- 
f l y i n g  a i r p l a n e ,  o r  i n  a  near-Earth s a t e l l i t e .  These have been developed f o r  
t h e  IBM 7094 d i g i t a l  computer, i n  FORTRAN I V  language, and they c o r r e c t  
t h e  s i g h t s  f o r  abe r r a t ion ,  r e f r a c t i o n ,  l i b r a t i o n s ,  p a r a l l a x ,  o r  changes of 
epochs. They have been used ex tens ive ly  i n  connection with s tud ie s  made a t  
Ames Research Center t o  eva lua te  t he  sex tan t -observer  combination ( r e f s .  5 - 7 ) .  
ANALYSIS OF CELESTIAL OBSERVATION CORRECTIONS 
General Procedure f o r  Processing an Observation 
When observat ions a r e  made f o r  naviga t ion  purposes,  t h e  usua l  procedure 
f o r  process ing  the  observa t ion  d a t a  is  t o  form a  " r e s idua l , "  which i s  t h e  
d i f f e r e n c e  between the  a c t u a l l y  observed q u a n t i t y  and the  e s t ima te  of t h i s  
q u a n t i t y  based on the  b e s t  es t imate  of %he o b s e r v e r ' s  s t a t e  ( i  . e . ,  h i s  pos i -  
t i o n  and v e l o c i t y  i n  space) a t  t he  time of t h e  observa t ion .  The r e s i d u a l  i s  
then  used,  with appropr ia te  weight ing,  t o  improve t h e  e s t ima te  of t h e  
obse rve r ' s  s t a t e .  When d e t e r m i n i s t i c  co r r ec t ions  a r e  t o  b e  app l i ed  t o  t h e  
observa t ion ,  t h e  procedure c o n s i s t s  of t he  fol lowing s t e p s :  
(1) Obtain the  es t imated  s t a t e  of  t he  observer  (assumed given o r  
computable) . 
(2) Obtain re ference  d a t a  f o r  t h e  s i g h t i n g  from s t a r  ca t a log  and 
ephemeris, o r  bo th ,  e t c .  
(3) Using (1) and (2) , and t h e  appropr ia te  c o r r e c t i o n  formulas,  compute 
t h e  cor rec ted  es t imate  of  t h e  l i n e - o f - s i g h t  vec to r .  
(4) From ( 3 ) ,  es t imate  t h e  observa t ion  and form t h e  r e s i d u a l  by 
s u b t r a c t i n g  t h i s  from t h e  a c t u a l  observat ion ( co r r ec t ed  f o r  instrument  e r r o r )  
C l a s s i f i c a t i o n  of Correct ions 
The co r rec t ions  t o  be appl ied  t o  c e l e s t i a l  observa t ions  may be  c l a s s i f i e d  
as follows : 
( I )  Correct ions due t o  f i n i t e  v e l o c i t y  of l i g h t  ( a b e r r a t i o n ) ,  
(2) Correct ions dependent on p o s i t i o n  of t he  observer  ( p a r a l l a x ) ,  
(3) Correct ions dependent on time of observa t ion  (proper  motion, 
ephemeris t ime,  Earth precess ion  and n u t a t i o n ,  and luna r  and p l ane ta ry  
l i b r a t i o n s )  , 
(4) Correct ions due t o  medium of  t ransmission ( r e f r a c t i o n )  , 
(5) Correct ions f o r  instrument  read-out  e r r o r s  ( index,  a r c ,  and f i l t e r ) ,  
and 
(6) Miscellaneous co r r ec t ions  ( i r r a d i a n c e ,  limb e f f e c t s ,  semidiameter,  
and personal  observer  e f f e c t s )  . 
Of t h e  s i x  c l a s se s  of  observa t ions ,  t h e  f i r s t  two, a b e r r a t i o n  and 
p a r a l l a x ,  p lus  t h e  f i f t h ,  instrument  e r r o r ,  have been we l l  def ined by t h e  
astronomers.  The only improvement he re  i s  t o  c a s t  t he  equat ion f o r  s t e l l a r  
a b e r r a t i o n  i n  vec to r  form. The major i ty  of  t h e  e f f e c t s  i n  (3) have been wel l  
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through the  atmosphere, p a r t  o f  (4 ) ,  has been we l l  def ined .  Ref rac t ion  
through an a r b i t r a r y  window i s  developed h e r e .  The elements of (6) a r e  s t i l l  
only poorly understood,  and we w i l l  comment on what i s  known about them. 
Table I l i s t s ,  f o r  a l l  o f  t hese  types of c o r r e c t i o n s ,  t h e  maximum 
cor rec t ion  magnitude t o  be  expected f o r  t h e  f o u r  p r i n c i p a l  types of  c e l e s t i a l  
observat ions ( s t a r - s t a r ,  s t a r - l imb  and occu la t ions ,  s tar- landmark,  and limb- 
limb) . I t  must be  s t r i c t l y  understood t h a t  t h e  values given a r e  app l i cab le  
only as q u a l i f i e d .  Under d i f f e r e n t  circumstances , co r rec t ions  could b e  of 
v a s t l y  d i f f e r e n t  magnitude than i n d i c a t e d .  For example, l o c a l  p a r a l l a x  i s  
quoted as  3400") which i s  an approximate maximum value f o r  an observer  on t h e  
Earth s i g h t i n g  the  Moon. But f o r  o t h e r  p o s i t i o n s  of t h e  observer ,  t h e  
p a r a l l a x  may vary from 0' t o  180'. 
Table I a l s o  provides information on the  circumstances t h a t  a f f e c t  t h e  
requirement f o r  c o r r e c t i o n s .  The a p p l i c a b i l i t y  of  t h e  var ious  co r r ec t ions  
depends on: (1) t h e  type of observat ion taken,  ( 2 )  t h e  type o f  mission,  o r  
more proper ly  t h e  mission p r o f i l e  va r i ab l e s  a t  t h e  t ime, and (3)  t h e  accuracy 
requirements o f  t h e  s i g h t .  The f i r s t  o f  t h e s e  condi t ions  may b e  r e a d i l y  
determined from t a b l e  I .  For example, f o r  a  s t a r - s t a r  s i g h t  made from space,  
t he  t a b l e  shows immediately t h a t  p l ane t a ry  abe r r a t ion ,  l o c a l  p a r a l l a x ,  ephem- 
e r i s  t ime, Earth o r i e n t a t i o n ,  lunar  l i b r a t i o n s ,  i r r a d i a n c e ,  limb e f f e c t s ,  and 
semidiameter may a l l  b e  omit ted from cons ide ra t ion .  Conditions (2)  and ( 3 )  
then determine t h e  a p p l i c a b i l i t y  of t h e  remaining co r rec t ions ,  none of which 
may be s a f e l y  omit ted unless  t h e i r  s i z e  i s  known t o  be bounded wi th in  va lues  
t h a t  may be considered n e g l i g i b l e  f o r  t h e  s p e c i f i c  case i n  ques t ion .  
A d e t a i l e d  a n a l y s i s  of each of  t he  co r r ec t ions  and methods f o r  applying 
them a r e  given i n  t h e  fol lowing s e c t i o n s .  
Correct ions Due t o  t he  F i n i t e  Veloc i ty  of Light (Aberration) 
Aberrat ion i s  t h e  e r r o r  i n  t h e  apparent d i r e c t i o n  of t h e  l i n e  of  s i g h t  of 
an i l luminated  body due t o  t h e  vec tor  combination of t he  v e l o c i t i e s  of  l i g h t  
and t h e  observer  r e l a t i v e  t o  t he  i n e r t i a l  coord ina te  system. The d i r e c t i o n  
of the  observed l i g h t  i s  r o t a t e d  i n  t h e  d i r e c t i o n  o f  t h e  obse rve r ' s  r e l a t i v e  
v e l o c i t y  v e c t o r .  
I n  t he  f i e l d  of  astronomy, abe r r a t ion  e f f e c t s  a r e  c l a s s i f i e d  i n  t h r e e  
subdiv is ions  : s t e l l a r  ( a l s o  known as annual) , d i u r n a l ,  and p l a n e t a r y .  
S t e l l a r  abe r r a t ion  is  t h a t  component of a b e r r a t i o n  due t o  t h e  v e l o c i t y  of t h e  
Earth i n  i t s  o r b i t  about t h e  Sun ( t h e  observer  assumed t o  be on t h e  E a r t h ) ,  
and d iu rna l  a b e r r a t i o n  t h e  component due t o  t h e  d i f f e r e n t i a l  v e l o c i t y  imparted 
t o  t h e  observer  by t h e  r o t a t i o n  of t h e  Earth on i t s  a x i s .  P lane tary  aber ra-  
t i o n  i s  t h e  term appl ied  t o  t h e  abe r r a t ion  phenomenon t h a t  e x i s t s  i n  t h e  
s i g h t i n g  of r e l a t i v e l y  near  bodies  whose motion must b e  taken i n t o  
cons idera t ion  along with t h e  motion of t h e  observer .  
documented, b u t  t h i s  r e p o r t  g ives ,  f o r  t h e  f i r s t  t ime,  t h e  c o r r e c t  vec to r  
mat r ix  procedure f o r  computing t h e  geometr ical  l una r  l i b r a t i o n s .  Ref rac t ion  
TABLE I . -  MAXIMUM ANGULAR CORRECTIONS DUE TO VARIOUS 
SOURCES FOR CONDITIONS S P E C I F I E D  
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Magnitude depends upon windorv - can be  computed from theory  provided i n  t h i s  r e p o r t  
Unknown, needs more research  
Depends upon o b s e r v e r ' s  v e l o c i t y  
Depends upon observer ' s  d i s t a n c e  
Depends upon instrument 
Negl ig ib le ,  l e s s  than Ot!l 
Inappl icab le  
Horizon observa t ion  from t h e  Earth 
As much a s  20 s e c  of  a r c  has been recorded f o r  t h e  persona l  equation f o r  a  h igh ly  
t r a i n e d  observer .  For an u n s k i l l e d  observer,  t h e  persona l  equation may be much 
h igher .  
The maximum c o e f f i c i e n t  i n  t h e  expansions f o r  n u t a t i o n  i s  9!'21. This  has  a n e g l i g i b l e  
e f f e c t  when c o r r e c t i n g  f o r  atmospheric r e f r a c t i o n ,  but  may r e q u i r e  cons idera t ion  i f  
observa t ions  a r e  made o f  a  near-Earth s a t e l l i t e .  
For our purposes,  d iu rna l  a b e r r a t i o n  w i l l  be  computed s imultaneously with 
t h e  s t e l l a r  a b e r r a t i o n  by simply us ing  t h e  t o t a l  h e l i o c e n t r i c  v e l o c i t y  vec to r  
of t h e  observer  t o  compute the  r equ i r ed  co r r ec t ion .  Note t h a t  f o r  an observer  
on some o t h e r  body (e . g . ,  i n  a  spacec ra f t )  we simply use,  i n  l i k e  manner, t h e  
t o t a l  i n e r t i a l  h e l i o c e n t r i c  v e l o c i t y  v e c t o r  of t he  obse rve r ' s  p la t form.  
Equations f o r  computing t h e  e f f e c t  of  s t e l l a r  abe r r a t ion  a re  developed i n  
appendix A .  E i t h e r  of two equat ions may be used, depending on t h e  exactness  
d e s i r e d .  The r igorous  equat ion i s  
where 
A 
s  observed u n i t  vec to r  of t h e  s t a r  
A 
S t r u e  h e l i o c e n t r i c  u n i t  vec to r  of t he  s t a r  
h e l i o c e n t r i c  u n i t  v e l o c i t y  vec to r  of t h e  observer  
V v e l o c i t y  of t h e  observer  
c  v e l o c i t y  of l i g h t  
I f  t h i s  i s  no t  convenient t o  use ,  due t o  t h e  absolu te  magnitude 
appearing i n  t he  denominator, a  very c l o s e  approximation i s  given by 
Plane tary  abe r r a t ion  needs t o  be  t r e a t e d  i n  a  d i f f e r e n t  manner. Whereas 
t h e  s t a r  ca t a log  gives t he  d i r e c t i o n  of t he  u n i t  vec to r  t o  t h e  s t a r  as i t  
would b e  seen  by a  h e l i o c e n t r i c  observer ,  t h a t  i s ,  t he  " t rue"  l i n e  of  s i g h t ,  
a  p l ane t a ry  ephemeris gives t h e  geometr ical  d i r e c t i o n  of t he  body a s  i t  
a c t u a l l y  e x i s t s  from a  po in t  a t  t h e  cen te r  of t he  Earth (moving i n  i t s  o r b i t  
about t h e  Sun).  A co r r ec t ion  must b e  made because of t h e  t ime r equ i r ed  f o r  
l i g h t  t o  t r a v e l  from t h e  observed body t o  t he  observer ,  as wel l  as a  correc-  
t i o n  f o r  t h e  abe r r a t ion .  The co r rec t ion  f o r  p l ane t a ry  abe r r a t ion  may be made 
by simply reducing t h e  time of observa t ion  by t h e  l i g h t  time and t ak ing  t h e  
p o s i t i o n  of t h e  body from t h e  ephemeris a t  t h i s  reduced t ime.  Thus, i f  an 
observa t ion  had been made of a  p l a n e t  a t  0 9 ~ 3 0 ~ 2 0 ~ ,  t he  ephemeris p o s i t i o n  of 
t h e  p l a n e t  a t  t h i s  time would be  used t o  determine t h e  time r equ i r ed  f o r  t h e  
l i g h t  t o  t r a v e l  from t h e  p l a n e t  t o  the  observer .  I f  t h i s  l i g h t  t ime were 
10S, t h e  time of observat ion would then be  reduced t o  0 9 ~ 3 0 ~ 1 0 ~ .  The ephem- 
e r i s  p o s i t i o n  of t h e  p l ane t  a t  t h i s  reduced time would then g ive  t h e  c o r r e c t  
p o s i t i o n  of t h e  p l ane t  as seen by t h e  observer  a t  t h e  time of  obse rva t ion .  A 
more complete d iscuss ion  of  t h e  phenomenon i s  given i n  appendix A .  
Correct ions Dependent on Pos i t i on  of Observer (Para l lax)  
S t a r  ca t a log  and ephemeris d a t a  g ive  t h e  l i n e  of s i g h t  t o  c e l e s t i a l  
bodies  from c e r t a i n  r e f e rence  po in t s  ( e . g . ,  c en te r  of t h e  Sun f o r  s t a r  d a t a ) ,  
b u t  genera l ly  t h e  a c t u a l  observer  i s  a t  some o t h e r  p o i n t .  This  displacement 
of t h e  observer  from the  re ference  po in t  r e s u l t s  i n  a  change i n  d i r e c t i o n  of 
t h e  inc iden t  l i g h t  rays  from t h e  observed body - t h e  phenomenon c a l l e d  
p a r a l l a x  - and r equ i r e s  a  co r r ec t ion  t o  b e  appl ied  t o  t h e  d a t a .  
The p a r a l l a x  co r r ec t ions  may b e  d iv ided  i n  two c l a s s e s :  one r ep re sen t ing  
t h e  p a r a l l a x  of  r e l a t i v e l y  c l o s e  o b j e c t s ,  such as those  wi th in  t h e  s o l a r  
system, and another  r ep re sen t ing  s t e l l a r  p a r a l l a x .  
Local p a r a l l a x  (wi th in  t h e  s o l a r  system) may, under c e r t a i n  circumstances,  
become very l a r g e .  This type of  p a r a l l a x ,  however, may be  handled very simply 
by making a  l i n e a r  vec to r  t ransformat ion  and thus p re sen t s  no r e a l  o b s t a c l e  t o  
t h e  determinat ion of apparent p o s i t i o n  
MOON of any known ob jec t  . As an example, 
from ske tch  ( a ) ,  i t  may b e  seen  t h a t  
t h e  vec tor  p o s i t i o n  of t he  Moon may be  
cor rec ted  f o r  p a r a l l a x  by w r i t i n g  t h e  
vec to r  equat ion 
EARTH 
S t e l l a r  p a r a l l a x  i s  i n  a l l  cases  
very sma l l .  The maximum t h a t  has  been 
recorded t o  da t e  i s  only 0 .78  second of 
a r c ,  and t h a t  i s  f o r  a  r e l a t i v e l y  
inconspicuous s t a r  of t h e  e leventh  
Sketch (a) magnitude known as Proxima Centaur i .  
The pa ra l l axes  of only a  r e l a t i v e l y  few 
s t a r s  have been measured, due t o  t h e  very remote p o s i t i o n s  of t h e  s t a r s  i n  
genera l ,  and most of t hese  a r e  of t h e  o rde r  of 0 . 1  second of a r c  o r  l e s s .  
Thus, it i s  a  simple mat te r  t o  avoid t h e  use  of s t a r s  with s e n s i b l e  p a r a l l a x e s .  
I f  i t  i s  necessary t o  use  a  s t a r  with a  high p a r a l l a x ,  a  l i n e a r  vec to r  
t ransformat ion  w i l l  account f o r  t h e  e f f e c t ,  as it does i n  t h e  case of l o c a l  
para1  l a x .  
Correct ions Dependent on Time of  Observation 
For economy i n  p r e s e n t a t i o n ,  s t a r  ca t a log  and ephemeris d a t a  a r e  given 
only f o r  c e r t a i n  re ference  t imes ,  and i n  us ing  t h e s e  d a t a  one must apply 
co r r ec t ions  t h a t  depend on t h e  d i f f e r ence  between the  re ference  time and t h e  
time of t he  observa t ion .  These co r r ec t ions  a r e  descr ibed  below. 
Proper motion.- Proper motion i s  def ined  as  t h e  yea r ly  motion of a  s t a r  
normal t o  t h e  l i n e  of s i g h t .  I n  most cases ,  proper  motion i s  very sma l l .  The 
l a r g e s t  t h a t  has been recorded belongs t o  a  t en th  magnitude s t a r  and i s  
10.25 seconds of a r c  p e r  yea r .  Proper motion may be  avoided by t h e  jud ic ious  
s e l e c t i o n  of s t a r s  f o r  naviga t ion  purposes,  t h e  use  of a  s t a r  ca t a log  of  
r ecen t  epoch; o r ,  s i n c e  t h e  proper  motions a r e  cataloged f o r  both r i g h t  ascen- 
s i o n  and dec l ina t ion ,  simple co r r ec t ions ,  l i n e a r  with t ime,  may be added t o  
t h e  re ference  s t e l l a r  p o s i t i o n .  Poss ib le  nonl inear  components of t h e  motion 
need not  be  considered,  f o r  no proper  motions have been measured t o  da t e  with 
s u f f i c i e n t  accuracy t o  i n d i c a t e  such e f f e c t s  . 
Ephemeris t ime. -  Ephemeris time i s  t h e  smooth flowing measure of t ime 
implied by t h e  dynamical phys i ca l  equations of motion, and i s  based p r i n c i -  
p a i l y  on o r b i t a l .  motions b f  t he  A l l  o t h e r  measures of time- commonly 
used i n  the  f i e l d  of astronomy, f o r  example, un ive r sa l  t ime,  a r e  a s soc i a t ed  
with t h e  r o t a t i o n  of t h e  Ear th ,  which, f o r  var ious and unknown reasons,  d i s -  
plays some i r r e g u l a r i t i e s .  Ephemeris time i s  computed, f o r  our  purposes,  from 
where 
ET ephemeris time 
UT un ive r sa l  t ime ( o r  Greenwich mean time) 
AT time i n t e r v a l  
The est imated value of  AT, f o r  a  given yea r  may be  found i n  r e f e rence  8 
(p.  v i i )  . The values of AT a r e  e s s e n t i a l l y  unpredic tab le  b u t  a r e  only 
slowly varying from yea r  t o  yea r .  F ina l  values f o r  t h e  p a s t  a r e  determined 
from a  l a rge  number of observat ions of t h e  Sun, Moon, and p l a n e t s .  For t h e  
year  1900, t h e  value of AT was - 4  seconds of t ime and, f o r  t he  yea r  1967, i t  
i s  es t imated t o  b e  37 seconds of t ime.  
Although universa l  time i s  t h e  s tandard  used f o r  c i v i l  reckoning and most 
astronomical computations, a t t e n t i o n  i s  he re  d i r e c t e d  t o  ephemeris time 
because most ephemerides of t he  bodies  of t he  s o l a r  system use  i t  as  argument. 
For example, i f  t he  t ransformat ion  from un ive r sa l  t o  ephemeris time i s  neg- 
l e c t e d ,  the  p o s i t i o n  of  t h e  Moon, as seen from t h e  Ear th ,  w i l l  be  i n  e r r o r  by 
approximately 18 seconds of a r c .  I f  t h e  s i g h t  has been made i n  t h e  lunar  
o r b i t a l  p lane ,  t h e  e r r o r  w i l l  show up d i r e c t l y  as  an e r r o r  i n  the  measured 
angle .  
Earth precess ion  and n u t a t i o n . -  The o r i e n t a t i o n  of t h e  Earth ( i . e . ,  t h e  
equa to r i a l  coordinate  system) changes with time and t h e r e f o r e  i s  no t  neces- 
s a r i l y  the  same a t  an observa t ion  time as a t  t he  re ference  time of t h e  s t a r  
ca t a log  o r  ephemeris. The c o r r e c t  o r i e n t a t i o n  may be  important  when correc-  
t i o n s  a r e  being made f o r  p a r a l l a x  and atmospheric r e f r a c t i o n  f o r  an Earth-  
based observer .  Also, d a t a  may b e  used t h a t  a r e  expressed i n  coordinate  
systems based on t h e  equa to r i a l  system f o r  d i f f e r e n t  epochs. In  e i t h e r  ca se ,  
co r r ec t ions  must b e  app l i ed  t h a t  amount t o  a  t ransformat ion  of coordinate  
sys  tems . 
The gyroscopic forces  t h a t  produce t h e  Earth o r i e n t a t i o n  changes r e s u l t  
i n  complex motions conta in ing  s e c u l a r  terms and p e r i o d i c  terms.  The s e c u l a r  
terms a r e  e a s i l y  represented  by polynomial expansions i n  t ime, These a r e  
c a l l e d  p reces s ion ,  which has a  maximum motion of approximately 50 seconds of 
a r c  p e r  yea r .  The aggregate  of  t h e  p e r i o d i c  terms, which a r e  of both long and 
s h o r t  pe r iods ,  a r e  c a l l e d  n u t a t i o n .  
A simple mat r ix  equat ion permits  t h e  precess ion  t ransformat ion  from an 
i n i t i a l  ,epoch of 1950.0 t o  a  l a t e r  epoch: 
where 
c f  = any vec to r  i n  t h e  o r i g i n a l  coordinate  system 
'1 
Z, = 1.00000000 - 0.00004721T2 + 0 . 0 0 0 0 0 0 0 2 ~ ~  
and T i s  t h e  time i n t e r v a l  between t h e  two epochs expressed i n  J u l i a n  
c e n t u r i e s  of 36,525 days. Note t h a t  t h i s  mat r ix  i s  orthogonal and t h a t  t h e  
r e v e r s e  process  may be obtained by us ing  t h e  t ranspose .  
The e f f e c t s  of  nu ta t ion  may b e  incorpora ted  i n t o  t h e  computations by 
premul t ip ly ing  t h e  above mat r ix  f o r  precess ion  by t h e  mat r ix  
1 -A$ cos E -A$ s i n  
A$ 60s E 1 - A &  (5) 
A$ s i n  E A E 1 
where 
E t r u e  o b l i q u i t y  of t h e  e c l i p t i c  
A +  nu ta t ion  i n  longi tude 
A E  nu t a t ion  i n  o b l i q u i t y  
and 
E, = 23"27'08'!26 - 46'!845T - 0 ' !0059~~ + 0'!00181T3 (6) 
Epoch 1900 Jan  0 .313  
The two q u a n t i t i e s  A$ and A s  must be t abu la t ed  values o r  computed from 
s e r i e s  expressions i n  which t h e r e  a r e  
23 long-period terms 
f o r  A$ 
46 shor t -per iod  terms 
16 long-period terms 
f o r  AE 
24 shor t -per iod  terms 
Under the  circumstances,  one should c r i t i c a l l y  review t h e  accuracy 
requirements be fo re  i t  i s  decided t o  inc lude  co r r ec t ions  f o r  n u t a t i o n ,  s i n c e  
t h e  c o e f f i c i e n t  of  t h e  l a r g e s t  term i n  nu ta t ion  i s  only 9.21 seconds of a r c .  
Since t h i s  r ep re sen t s  a  d i s t ance  of only about 900 f e e t  on t h e  s u r f a c e  of t h e  
Ear th ,  any e f f e c t  on the  atmospheric r e f r a c t i o n  co r r ec t ions  would b e  n e g l i -  
g i b l e .  S i m i l a r l y ,  f o r  observat ions between n a t u r a l  members of t he  s o l a r  sys-  
tem o r  t h e  s t a r s ,  t h e  e f f e c t  of t h i s  900-foot displacement would be e n t i r e l y  
n e g l i g i b l e  . However, when observing an a r t i f i c i a l  s a t e l l i t e  c lo se  t o  t he  
observer ,  t he  e f f e c t  may be  q u i t e  l a rge ,  and then  t h e  inc lus ion  of t h e  e f f e c t s  
of n u t a t i o n  i n  t h e  co r r ec t ions  would b e  appropr i a t e .  Most of t h e  coord ina te  
t ransformations w i l l  b e  made i n  conjunct ion with r e f r a c t i o n  and p a r a l l a x  
co r r ec t ions  f o r  more d i s t a n t  bodies ,  s o  one may conclude t h a t ,  i n  a l l  
p r o b a b i l i t y ,  n u t a t i o n  may be  neglec ted .  
For more d e t a i l e d  d iscuss ions  of precess ions  and nu ta t ion ,  one should 
consul t  re fe rences  8,  9 ,  and 10 f o r  t h e  equat ions and cons tan ts  p r e s e n t l y  i n  
use ,  and re ference  4  f o r  a  more d e t a i l e d  d iscuss ion  of t h e  theory and t h e  
development of t h e  o r i g i n a l  cons t an t s .  
Lunar and p l ane ta ry  l i b r a t i o n s .  - I f  landmarks a r e  t o  be  used i n  t h e  
naviga t ion  process ,  t h e i r  l oca t ions  must be  known. Consider t h e  luna r  land- 
marks f i r s t :  S ince  t h e  Moon r o t a t e s  about i t s  own ax i s  i n  t h e  same per iod  
t h a t  i t  revolves i n  i t s  o r b i t  about t h e  Ear th ,  on t h e  average t h e  same f ace  
i s  presented  t o  an observer  on the  Earth a t  a l l  t imes .  For t h i s  reason,  t h e  
p r a c t i c e  i n  record ing  t h e  loca t ions  of l una r  landmarks has been t o  r e f e r  them 
t o  a  coordinate  system as soc ia t ed  with t h e  mean Earth-Moon l i n e .  The presenta-  
t i o n  of t he  Moon's f a c e  t o  t h e  observer  on t h e  Earth i s  no t  exac t ,  however, 
f o r  t h r e e  reasons .  F i r s t ,  t h e  Moon may b e  considered t o  r o t a t e  a t  a  cons tan t  
angular  v e l o c i t y  about i t s  a x i s ,  bu t  i t s  o r b i t a l  angular  v e l o c i t y  about t h e  
Earth i s  v a r i a b l e  because of t h e  e c c e n t r i c i t y  of  t h e  lunar  o r b i t .  Th i s ,  com- 
bined with the  i n c l i n a t i o n  of t h e  lunar  equator  t o  t h e  o r b i t a l  p lane ,  causes 
an apparent o s c i l l a t i o n  i n  two dimensions about a  mean p o s i t i o n .  These 
o s c i l l a t i o n s  a r e  known as  geometr ical  l i b r a t i o n s  s i n c e  they a r e  s t r i c t l y  a  
func t ion  of t h e  Earth-Moon geometry e x i s t i n g  a t  t h e  time of observa t ion .  
Second, t he  f i g u r e  of t h e  Moon i s  t h a t  of a  t r i a x i a l  e l l i p s o i d ,  which permits  
p e r i o d i c  r o t a t i o n a l  fo rces  t o  be appl ied  by t h e  Earth and t h e  Sun. These 
f o r c e s  r e s u l t  i n  a  complex pendulum-type o s c i l l a t i o n  known as  phys ica l  l i b r a -  
t i o n s .  Thi rd ,  an observer  on t h e  Earth i s  d i sp laced  i n  p o s i t i o n ,  during a  
12-hour per iod ,  by the  diameter of t h e  Ea r th .  The r e s u l t i n g  p a r a l l a c t i c  e f f e c t  
i s  known as d iu rna l  l i b r a t i o n .  However, s i n c e  d iu rna l  l i b r a t i o n  i s  s t r i c t l y  a  
p a r a l l a c t i c  e f f e c t ,  i t  can be taken ca re  of by t h e  l o c a l  p a r a l l a x  co r r ec t ions .  
The method of handl ing t h e  l i b r a t i o n  co r r ec t ion  i s  t o  f i r s t  compute, 
s e p a r a t e l y  f o r  both t h e  geometrical and t h e  phys ica l  l i b r a t i o n s ,  t h e  t h r e e  
s e l e n o c e n t r i c  angles desc r ib ing  t h e  motion, and add t h e  corresponding angles 
t o g e t h e r .  The u n i t  vec to r  t o  t he  lunar  landmark then may b e  transformed 
through t h e  t h r e e  angles and t h e  r i g h t  ascension and t h e  d e c l i n a t i o n  of t h e  
luna r  p o s i t i o n  i n t o  a  u n i t  vec to r  expressed i n  t he  e q u a t o r i a l  i n e r t i a l  
coord ina te  system. 
The equat ions used t o  compute t h e  geometrical and phys ica l  l i b r a t i o n s  of 
t h e  Moon a r e  r e l a t i v e l y  complex. Rather than in t roduce  them a t  t h i s  t ime, i t  
i s  expedient  t o  show t h e  complete development of t h e  equat ions f o r  t h e  geo- 
m e t r i c a l  l i b r a t i o n s  and t o  d i sp l ay  them along with t h e  f i n a l  equat ions f o r  t h e  
phys i ca l  l i b r a t i o n s  (as  taken from r e f .  9)  i n  appendix B .  
I n  p r i n c i p l e ,  observa t ions  of p l ane t a ry  landmarks could r equ i r e  a  
r educ t ion  s i m i l a r  t o  t h a t  used f o r  lunar  l i b r a t i o n s ,  except t h a t  p l ane t a ry  
landmarks loca t ions  genera l ly  would not  b e  expressed i n  terms of an Earth-  
p l a n e t  mean l i ne -o f - s igh t - coord ina t e  system as a r e  lunar  landmarks . Rather ,  
they would usua l ly  be  given i n  a  p l ane tocen t r i c  coordinate  system, the  o r i en -  
t a t i o n  of which, i n  t he  obse rve r ' s  coordinate  system, would have t o  be  known 
( o r  computed) a t  any s p e c i f i c  observa t ion  time t o  determine t h e  l i n e - o f - s i g h t  
d i r e c t i o n .  However, s i t u a t i o n s  could occur i n  connection with p l ane ta ry  
landmarks s i g h t i n g s  such t h a t  t h e  condi t ion  of commensurability between t h e  
per iod  of  r o t a t i o n  and r evo lu t ion  e x i s t s  ( e . g . ,  a synchronous s a t e l l i t e ) .  
Then a  l i b r a t i o n a l - t y p e  t rea tment  would b e  reasonable f o r  l i ne -o f - s igh t  
motions r e l a t i v e  t o  a  mean, and co r rec t ions  s i m i l a r  t o  those  f o r  lunar  
l i b r a t i o n s  would be  r equ i r ed .  
Correct ions Due t o  Medium of Transmission (Refract ion)  
Atmospheric r e f r a c t i o n . -  Equations developed by astronomers f o r  t h i s  
purpose, such as  those  given i n  re ference  11, a r e  obtained by regress ion  
ana lys i s  techniques whereby empir ical  func t iona l  r e l a t i o n s h i p s  a r e  e s t a b l i s h e d  
between observed r e f r a c t i o n  and atmospheric va r i ab l e s  . A maj o r  d i f f i c u l t y  
wi th  such equat ions i s  t h a t  they a r e  cumbersome t o  use .  There i s  a l s o  t h e  
t h e o r e t i c a l  ob jec t ion  t h a t ,  i n  r e a l i t y ,  r e f r a c t i o n  depends on t h e  t o t a l  s t a t e  
o f  t h a t  po r t ion  of t h e  atmosphere through which t h e  l i g h t  rays t r a v e l .  How- 
eve r ,  i t  i s  not  p r a c t i c a l  t o  observe t h e  t o t a l  atmosphere, nor i s  it necessary,  
s i n c e  the  co r r ec t ions  obtained from the  empir ical  r e l a t i o n s h i p s  between 
r e f r a c t i o n  and su r f ace  condi t ions  f i t  t h e  observed d a t a  wel l  enough f o r  most 
purposes . 
For t h e s e  reasons,  a  s i m p l i f i e d  approximation t o  t h e  empir ica l  
r e l a t i o n s h i p s  i s  be l ieved  adequate f o r  general  u se .  One s i m p l i f i e d  equat ion  
( r e f .  1 2 ) ,  developed by Professor  Comstock, approximates t h e  r e f r a c t i o n  t o  
wi th in  1 second of  a r c  f o r  a l l  a l t i t u d e s  of t h e  observed body from t h e  zeni th  
down t o  l P O  above t h e  horizon except  f o r  extreme s t a t e s  of t h e  atmosphere. 
This equat ion i s  
where 
r r e f r a c t i o n ,  seconds of a r c  
b  barometr ic  p re s su re ,  i n .  Hg 
T  atmospheric temperature a t  t h e  observer ,  O F  
z  zen i th  d i s t ance  of t h e  observed body, degrees of a r c  
The r e f r a c t i o n  given by t h e  va lue  of r i n  t h e  above equat ion l i e s  i n  
t he  v e r t i c a l  p lane  and apparent ly moves t h e  observed body toward t h e  z e n i t h .  
This i s  due t o  t h e  f a c t  t h a t  t he  observer  i s  s i t u a t e d  a t  t h e  c e n t e r  of t h e  
v i s i b l e  p o r t i o n  of t he  atmosphere, which has t h e  shape of a  planoconvex l e n s .  
Since any ray en te r ing  t h e  eye of t h e  observer  must n e c e s s a r i l y  l i e  i n  a  p lane  
pass ing  through t h e  ax i s  of r o t a t i o n  of  t h i s  symmetry, t h e  r e s u l t i n g  r e f r a c t e d  
ray must a l s o  l i e  i n  t h e  p lane  of symmetry. Thus, when making co r rec t ions  f o r  
r e f r a c t i o n ,  t h e  ray must be  transformed i n t o  t h e  obse rve r ' s  t o p o c e n t r i c  
coordinate  system t o  determine t h e  zeni th  d i s t ance  of t h e  observed body. 
I t  should be  noted t h a t  the  obse rve r ' s  l o c a l  a l tazimuth system i s  f i x e d  
i n  r e l a t i o n  t o  t he  equa to r i a l  system of t h e  Earth and t h e r e f o r e  undergoes con- 
t inuous precess ion  and nu ta t ion  along with t h e  Ear th .  I f  an i n e r t i a l  system, 
o r  epoch, i s  used r ep re sen t ing  t h e  e q u a t o r i a l  coordinate  system as of t h e  
beginning of t h e  cu r r en t  yea r ,  t h e  e f f e c t s  of precess ion  and n u t a t i o n  on t h e  
r e f r a c t i o n  w i l l  b e  very sma l l .  The gyroscopic e f f e c t s  of t h e  Earth can only 
a f f e c t  t he  p o s i t i o n  of t he  obse rve r ' s  l o c a l  coordinate  system by approximately 
P O  seconds of a r c  i n  any one yea r ,  and s i n c e  t h e  r e f r a c t i o n  i s  a  s lowly 
varying func t ion ,  except when observa t ions  a r e  made c lose  t o  t h e  hor izon ,  t h e  
e f f e c t  w i l l ,  i n  gene ra l ,  b e  n e g l i g i b l e .  
Window r e f r a c t i o n . -  The r e f r a c t i o n  of l i g h t  rays occurr ing  a t  t h e  window 
of a  space veh ic l e  i s  a  f i e l d  t h a t  has  not  rece ived  s c i e n t i f i c  a t t e n t i o n  
he re to fo re ;  consequently,  although window r e f r a c t i o n  i s  amenable t o  mathemat- 
i c a l  a n a l y s i s ,  i t  has not  been formalized t o  t h e  same ex ten t  as  atmospheric 
r e f r a c t i o n .  I n  gene ra l ,  two problems e x i s t  with window r e f r a c t i o n .  F i r s t ,  
t he  design of t h e  spacec ra f t  o f t e n  d i c t a t e s  t h a t  t h e  windows b e  of i r r e g u l a r  
o u t l i n e  and t h a t  t h e  spacec ra f t  be  p re s su r i zed .  The r e s u l t i n g  i r r e g u l a r  
three-dimensional  curve of t he  window does not  lend i t s e l f  t o  t h e  normal geo- 
me t r i ca l  o p t i c s  a n a l y s i s ,  which assumes o p t i c a l  su r f aces  of r e v o l u t i o n .  
Second, an i t e r a t i v e  procedure i s  involved i n  t h e  determinat ion of t h e  vec to r  
from the  s i g h t i n g  instrument  t o  t he  window and thence t o  t h e  p a r t i c u l a r  
c e l e s t i a l  body under observa t ion .  A method of  handl ing t h e s e  c a l c u l a t i o n s  i s  
o u t l i n e d  i n  appendix C; i t  i s  necessary t o  complete some pre l iminary  research  
on t h e  window before  t h e  computations may be  c a r r i e d  o u t .  This pre l iminary  
work c o n s i s t s  b a s i c a l l y  of an aria-1ysi.s and t e s t i n g  of  t h e  d e f l e c t i o n  of  t h e  
window under a  d i f f e r e n t i a l  load such t h a t  t h e  mat r ix  of t h e  d e f l e c t i o n  curve 
polynomial may b e  found. A knowledge of t h e  d i f f e r e n t i a l  p re s su re  and t h e  
o r i e n t a t i o n  of  t h e  s p a c e c r a f t  a t  t h e  time of  observa t ion  then  permits  t h e  
c a l c u l a t i o n  of  t h e  r e f r a c t i o n  of t h e  l i n e  of s i g h t  of  any given c e l e s t i a l  
body which may have been observed. 
As the  equat ions and procedures f o r  t h e  reduct ion  of  t h e  e f f e c t s  of 
window r e f r a c t i o n  a r e  lengthy,  t h e i r  development and use  i s  displayed i n  
appendix C ,  which a l s o  compares t h e  present  theory with t h i n  lens  theory 
through t h e  computation of a  numerical example. 
Correct ions f o r  Instrument Read-Out Errors  
The s e x t a n t  i s  used t o  make angular  measurements between two c e l e s t i a l  
bod ie s ,  as needed f o r  space naviga t ion .  The s e x t a n t s  of t h e  p a s t ,  and prob- 
ab ly  of t he  f u t u r e ,  a r e  l i g h t ,  easy t o  use,  and amazingly accura te ,  f o r  t h e i r  
s i z e  and weight ,  compared t o  o the r  astronomical ins t ruments .  The b e s t  r e s u l t s  
a r e  obtained when t h e  instrument i s  c a r e f u l l y  ad jus t ed ,  c a l i b r a t e d ,  and 
placed i n  t h e  hands of a  c a r e f u l ,  w e l l - t r a i n e d  observer .  
Af te r  t h e  instrument  i s  f u l l y  ad jus t ed ,  t h r e e  c a l i b r a t i o n s ,  o r  e r r o r  
c o r r e c t i o n s ,  remain t o  be  made: index,  a r c ,  and f i l t e r .  The index e r r o r  i s  
t h e  reading of  t h e  instrument  when both l i n e s  of s i g h t  a r e  brought t o  bea r  on 
the  same d i s t a n t  o b j e c t .  I f  t h e  reading i s  not  zero, an index e r r o r  e x i s t s  
t h a t  must be  appl ied  t o  any s i g h t  ob ta ined  with t h e  ins t rument .  The a r c  e r r o r  
i s  t h e  e r r o r  made when t h e  markings were s c r i b e d  on t h e  a r c  during i t s  manu- 
f a c t u r e .  I t  i s  determined by s i g h t i n g  var ious  bodies  of known angular  d i s -  
placement and comparing these  values with those  read  from t h e  a r c  of t h e  
ins t rument .  F i l t e r  e r r o r s  a r e  introduced when f i l t e r s ,  used t o  reduce t h e  
i n t e n s i t y  of b r i g h t  images, a r e  introduced i n t o  one of t h e  l i n e s  of s i g h t .  
Most f i l t e r s  have a  s l i g h t  wedge angle t h a t  devia tes  any ray  of  l i g h t  be ing  
t r ansmi t t ed  through them. The e r r o r  i s  determined by measuring t h e  p o s i t i o n  
of  an ob jec t  be fo re  and a f t e r  t he  f i l t e r  i s  placed i n  t h e  l i n e  of s i g h t .  One 
o f  t h e  f u l l e s t  d i scuss ions  on t h e  use ,  c a l i b r a t i o n ,  and adjustment of  t h e  
s e x t a n t  i s  given i n  re ference  13. 
For accura te  work the  s e x t a n t  must b e  very c a r e f u l l y  c a l i b r a t e d .  The 
index e r r o r  must b e  determined s u f f i c i e n t l y  f r equen t ly  t h a t  t h e  magnitude, 
d r i f t ,  and constancy a r e  known wi th in  t h e  l i m i t s  of  t h e  p r e c i s i o n  r equ i r ed .  
With c a r e f u l  a t t e n t i o n  t o  observing technique,  determinat ion of t he  obse rve r ' s  
personal  equat ion ,  and c a l i b r a t i o n  of t h e  ins t rument ,  observa t ions  may b e  made 
t o  a  p r e c i s i o n  g r e a t e r  than t h e  l e a s t  count of  t h e  ins t rument .  
Miscellaneous Correct ions 
I r r a d i a n c e .  - I r r ad i ance  i s  a  psychophysiological e f f e c t  wherein the  
image of  a  b r i g h t  body appears t o  be  l a r g e r  than i t s  t r u e  diameter .  I t  i s  
apparent ly caused by an i r r e g u l a r  r e f r a c t i o n  and s c a t t e r i n g  of  l i g h t  w i th in  
the  eye, which thereby s t imu la t e s  t he  r e t i n a  ou t s ide  t h e  immediate a r ea  
covered by t h e  i l luminated  image. This well-known e f f e c t  was once thought t o  
be caused by imperfect  o p t i c s ,  as i nd ica t ed  i n  re ference  13 (vol  . 11, p  . 90) , 
which was rev ised  and l a s t  publ ished i n  1891. Although t h e  phenomenon i s  
now known t o  be  p r i n c i p a l l y  psychophysiological i n  o r i g i n ,  very l i t t l e  i s  
known about i t  and no s a t i s f a c t o r y  method has been devised t o  account f o r  it 
a t  t h e  present  t ime.  
In  reference 14, publ ished r e c e n t l y ,  the  e f f e c t  was p a r t i a l l y  s t u d i e d  f o r  
very b r i g h t  extended d i s k s .  Here i r r ad i ance  e f f e c t s  from 38 seconds of a r c  t o  
over 2" were measured. Reference 9 mentions co r r ec t ions  made f o r  i r r a d i a n c e  
varying,  i n  d i f f e r e n t  cases ,  from 1 . 5  t o  2.5 seconds of a r c .  No r e fe rence  o r  
explanat ions a r e  given f o r  t hese  co r r ec t ions ,  and the  w r i t e r s  suspec t  t h a t  
they a r e  empir ica l ,  introduced f o r  t h e  purpose of r e c t i f y i n g  cons i s t en t  e r r o r s  
of observa t ion  (which i s  e n t i r e l y  l eg i t ima te ) .  One approach t o  reduce i r r a -  
diance i s  t o  cu t  down t h e  apparent i n t e n s i t y  of t h e  extended body with n e u t r a l  
f i l t e r s .  However, add i t i ona l  research  i s  needed he re  t o  i n d i c a t e  t h e  e f f e c t s .  
On t h e  o the r  hand, unpublished d a t a  of f i l t e r e d  s e x t a n t  observa t ions  of t h e  
Moon (reduced and co r rec t ed  by t h e  authors)  d i sp lay  an i r r a d i a n c e  e f f e c t  of  
15 seconds of a r c .  Thus it i s  apparent t h a t  t h e  e f f e c t s  of i r r a d i a n c e ,  even 
f o r  f i l t e r e d  observa t ions ,  a r e  l a rge  enough t o  s e r i o u s l y  impair t h e  requi red  
accuracy of c e l e s t i a l  observat ions made f o r  space naviga t ion ,  and t h a t  
i n s u f f i c i e n t  d a t a  a r e  ava i l ab l e  t o  co r r ec t  f o r  t h i s  e f f e c t .  
Limb e f f e c t s . -  Limb e f f e c t s  a r e  s i m i l k r  t o  i r r a d i a n c e  i n  t h a t  they a f f e c t  
t he  apparent diameter of t he  observed body. There a r e  two sources of  t hese  
e f f e c t s .  The f i r s t  i s  t h e  e f f e c t  of an atmosphere on the  observed body, which 
may cause an apparent i nc rease  i n  t h e  v i s i b l e  diameter of  t h e  body, such as 
t he  Ear th ,  when viewed from space.  Very l i t t l e  i s  a c t u a l l y  known about t h e  
atmospheric haze e f f e c t ,  except t h a t  i t  seems t o  be v a r i a b l e ,  and probably 
i s  a f f e c t e d  by t h e  t e r r e s t r i a l  weather condi t ions .  
Second, t h e  i r r e g u l a r i t i e s  i n  t h e  o u t l i n e  of t h e  limb, such a s  the  Moon, 
may cause e i t h e r  an apparent i nc rease  o r  decrease i n  t h e  diameter of t h e  body 
due t o  l oca l  topologica l  f e a t u r e s .  These i r r e g u l a r i t i e s ,  due t o  t h e  presence 
o f  mountains and va l l eys  s i t u a t e d  on the  apparent limb, can only be  conveni- 
e n t l y  accounted f o r ,  a t  t he  p re sen t  t ime, when observa t ions  a r e  made of t h e  
Moon by an observer  i n  t h e  v i c i n i t y  of t h e  Ear th .  They have been char ted  by 
D r .  C .  B .  Watts of t he  U.S. Naval Observatory (see r e f .  15) f o r  use  with 
occu l t a t i on  measurements. These cha r t s  a r e  a l s o  d iscussed  i n  re ference  9 .  
For any o the r  p o s i t i o n  of t he  observer ,  o r  f o r  any body o t h e r  than the  Moon, 
t h i s  co r r ec t ion  may not  be  considered s i n c e  s u f f i c i e n t  information i s  
p re sen t ly  not  a v a i l a b l e .  
Semidiameter.- Since many of t h e  observat ions made f o r  space naviga t ion  
o r  t e s t i n g  w i l l  be  made t o  t he  limb of an extended, i l luminated  body, a  
c o r r e c t i o n  f o r  t he  semidiameter of t h e  body must be appl ied  t o  r ep re sen t  t h e  
observa t ion  t o  t he  cen te r  of  t h e  apparent d i s k .  This may be  accomplished by 
one of two methods. F i r s t ,  i f  t h e  angular  measure of t h e  semidiameter is  
known f o r  t h e  obse rve r ' s  p o s i t i o n ,  t h i s  may be  d i r e c t l y  added t o  o r  s u b t r a c t e d  
from t h e  measured angle depending on whether t h e  observa t ion  was made t o  t h e  
n e a r  limb o r  t h e  f a r  limb. O r ,  i f  p a r a l l a x  computations must be made, t h i s  
c o r r e c t i o n  may be incorpora ted  d i r e c t l y  i n t o  the  l i n e a r  vec to r  transforma- 
t i o n ,  which was discussed under t h e  s e c t i o n  on p a r a l l a x  c o r r e c t i o n s .  
I n  a d d i t i o n  t o  t h e  c o r r e c t i o n  f o r  semidiameter,  a  small  c o r r e c t i o n  o f  
-0 .6  second o f  a r c  should b e  app l i ed  t o  t h e  c e l e s t i a l  l a t i t u d e  of  t h e  Moon t o  
account f o r  t h e  misalinement of t h e  c e n t e r  of mass and t h e  c e n t e r  of f i g u r e  of 
t h e  Moon. Fur ther  re ference  may be made t o  re ference  9 (p .  212) f o r  t h i s  
e f f e c t .  For many s i t u a t i o n s ,  t h i s  l a s t  c o r r e c t i o n  may be ignored because of  
i t s  smal l  s i z e .  
Personal  equat ion . -  One form o f  sys temat ic  e r r o r  t h a t  has had b u t  l i t t l e  
thought given t o  it i s  t h e  e r r o r  known t o  astronomers as  t h e  "personal  equa- 
t i o n . "  The personal  equat ion o f  an observer  i s  t h a t  c o r r e c t i o n  ( e r r o r )  which 
must b e  app l i ed  t o  h i s  observa t ions ,  a f t e r  a l l  o t h e r  co r r ec t ions  have been 
made, t o  produce t h e  t r u e  q u a n t i t y  t h a t  should have been observed. I t  may be 
observed as  t h e  mean r e s idua l  e r r o r  remaining a f t e r  a l l  o t h e r  known cor rec-  
t i o n s  have been made. Personal  equat ions may be  q u i t e  s i z a b l e  and c o n s i s t e n t .  
I n  some cases ,  they have amounted t o  as much as 20 seconds of a r c  f o r  a  
h i g h l y  t r a i n e d ,  very c a r e f u l  observer .  Although t h e  equat ion may be  cons is -  
t e n t ,  it gene ra l ly  v a r i e s  over a  pe r iod  of  t ime.  I t  has been found t o  depend 
on,  among o t h e r  t h ings ,  t h e  type of  instrument  used, i t s  s i z e  and p o s i t i o n ,  
t h e  p o s i t i o n  of t h e  obse rve r ' s  body, h i s  degree of f a t i g u e ,  and t h e  type and 
v e l o c i t y  of t h e  observed body. Any personal  equat ion appl ied  t o  a  s e t  o f  
observa t ions  should have been determined i n  t h e  r ecen t  p a s t .  I t  i s  obvious 
t h a t  a  personal  equat ion cannot b e  found when observing an unknown q u a n t i t y .  
Thus, the  personal  equat ion should b e  determined during t h e  t r a i n i n g  and 
r e t r a i n i n g  pe r iods ,  and should b e  f u r t h e r  updated by information obtained 
dur ing  t h e  course of a  mission.  Fur ther  d i scuss ion  on t h i s  sub jec t  may b e  
found i n  re ferences  1 2  and 13.  
A t  t h i s  po in t  i t  should a l s o  be  remarked t h a t  t h e  philosophy of  t he  
observer  i n  making high p r e c i s i o n  observat ions i s  a l s o  extremely impor tan t .  
High p r e c i s i o n  observat ions r e q u i r e  not  only a  h ighly  accu ra t e ,  we l l -  
c a l i b r a t e d  ins t rument ,  bu t  an observer  of knowledge, t r a i n i n g ,  and a  ph i lo s -  
ophy t h a t  w i l l  not  allow him t o  do anything b u t  h i s  c a r e f u l  b e s t .  Only wi th  
such an observer  w i l l  i t  be poss ib l e  t o  have confidence i n  h i s  personal  
weight ing of i nd iv idua l  observa t ions  . Discussions on t h e  philosophy of weight- 
i n g  i n d i v i d u a l  observat ions may gene ra l ly  be found i n  t e x t s  cons ider ing  t h e  
method of  l e a s t  squares  ( r e f s .  13 and 1 6 ) .  When a  number of s o p h i s t i c a t e d  
observa t ions  a r e  made, weight ing should always be used because a  c a r e f u l  
observer  always has a  f e e l i n g  f o r  t h e  r e l a t i v e  mer i t s  of h i s  own obse rva t ions .  
I f  he  does n o t ,  he cannot be considered an accomplished observer  and should 
b e  t r a i n e d  and p r a c t i c e d  wi th  t h i s  i n  mind u n t i l  he can. 
PROCEDURES FOR APPLYING CORRECTIONS 
Order of Making Correct ions 
The o rde r  of t h e  app l i ca t ion  of t h e  co r r ec t ions  i s  important .  A 
judicious o rde r  w i l l  e l imina te  second-order e f f e c t s ,  reduce t h e  computations 
involved,  and e l imina te  t h e  need f o r  i t e r a t i o n s .  The method of o rde r ing  found 
t o  give t h e  l e a s t  confusion may be  c a l l e d  the  method of "reverse order ing ."  
Consider t h e  pa th  of  t h e  l i g h t  ray as  i t  t r a v e l s  from t h e  i l lumi-nated body 
t o  t h e  eye of  t h e  observer .  Along t h e  pa th  t h e  var ious  phenomena under 
d iscuss ion  a r e  encountered. Note the  o rde r  of encounter  with these  phenomena 
and then apply t h e i r  co r r ec t ions  i n  r eve r se  o rde r .  I f  a  case a r i s e s  where a  
dec is ion  cannot be  made between t h e  time p r i o r i t i e s  f o r  two of the  c o r r e c t i o n s ,  
it i s  considered good p r a c t i c e  t o  apply t h e  l a r g e s t  co r r ec t ion  f i r s t ;  wi th  
the  above r u l e  of app l i ca t ion  it  i s  apparent  t h a t  t h e  instrument c o r r e c t i o n s ,  
index,  a r c ,  and f i l t e r  should always be  appl ied  t o  t h e  instrument reading  
f i r s t .  On t h e  o t h e r  hand, s i n c e  they a l l  a f f e c t  t h e  l i g h t  ray almost 
s imultaneously,  they may be appl ied  i n  any o r d e r .  
Consider now t h e  app l i ca t ion  of co r r ec t ions  t o  a  s i g h t  made from t h e  
s u r f a c e  of t h e  Ear th  between a  s t a r  and t h e  limb of  t h e  Moon. Tracing t h e  ray 
from t h e  s t a r  t o  t h e  eye of t h e  observer ,  t he  f i r s t  phenomenon encountered by 
t h e  ray i s  t h a t  of a b e r r a t i o n  as t h e  l i g h t  approaches t h e  Ear th ,  which i s  
t r a v e l i n g  through space with a  v e l o c i t y  of t he  o rde r  of 18 miles p e r  second. 
Af te r  t h i s  t h e  ray i s  a f f e c t e d  by r e f r a c t i o n  as  i t  t r a v e r s e s  t h e  atmosphere 
t o  t h e  observer .  I t  then encounters t he  e f f e c t s  in t roduced  by the  s e x t a n t .  
The co r rec t ions  a r e  appl ied  i n  t h e  r eve r se  o rde r .  The s e x t a n t  co r r ec t ions  a r e  
f i r s t  appl ied  t o  t h e  s e x t a n t  reading .  I t  i s  then  appropr ia te  t o  apply t h e  
co r r ec t ions  f o r  r e f r a c t i o n ,  which depend on t h e  a l t i t u d e  angle as seen  by t h e  
observer .  To make these  computations, one must use  t h e  known i n e r t i a l  coor- 
d ina t e s  of t h e  s t a r ,  t h e  l a t i t u d e  and longi tude of t h e  observer ,  and t h e  
l o c a l  s i d e r e a l  time t o  t ransform t h e  p o s i t i o n  of t h e  s t a r  i n t o  the  o b s e r v e r ' s  
l o c a l  a l taz imuth  coordinate  sys  tem. 
Af t e r  t h e  r e f r a c t i o n  co r r ec t ions  have been completed, t h e  a b e r r a t i o n  
co r r ec t ions  may be  appl ied  as i nd ica t ed .  The above co r rec t ions  must be appl ied  
t o  both l i n e s  of s i g h t  when more than one body i s  observed. However, t h e  
co r r ec t ions  appl ied  t o  t h e  two l i n e s  of  s i g h t  a r e  no t  neces sa r i l y  t h e  same, 
s i n c e ,  as i nd ica t ed  i n  t a b l e  I ,  co r r ec t ions  f o r  p l ane t a ry  abe r r a t ion ,  l i b r a -  
t i o n s ,  i r r a d i a n c e ,  limb e f f e c t s ,  and semidiameter a r e  not  app l i cab le  t o  a  l i n e  
of s i g h t  t o  a  s t a r .  
A s tep-by-s tep  o u t l i n e  follows of  t h e  recommended procedure f o r  each of 
t he  co r r ec t ions ,  i n  t h e  order  i n  which they appear i n  t a b l e  I .  
Aberrat ion.  - ( s t e l l a r )  
1. Compute t h e  v e l o c i t y  vec to r  of t h e  observer  i n  any convenient 
coordinate  sys  tem. 
2 .  Transform from t h a t  convenient coordinate  system t o  t h e  e q u a t o r i a l  
system of t he  des i r ed  epoch. 
3. Compute t h e  vec to r  of t h e  s t a r  as i t  i s  seen d i sp l aced  due t o  
a b e r r a t i o n  us ing  equat ion (Al) o r  equat ion (A4) . 
Aberrat ion.  - (p lane tary)  
1. Determine t h e  d i s t ance  of t h e  l o c a l  body from t h e  fundamental c e n t e r ,  
u s ing  the  recorded ephemeris. 
2 .  Using the  p a r a l l a x  co r r ec t ion  ( l i n e a r  vec to r  t ransformation)  
determine t h e  d i s t ance  between t h e  observer  and t h e  l o c a l  body. 
3 .  Using the  v e l o c i t y  of l i g h t ,  compute t h e  time of passage of t he  l i g h t  
from the  l o c a l  body t o  t h e  observer  ( l i g h t  t ime).  
4. Reduce t h e  time of observa t ion  by t h e  l i g h t  t ime.  
5 .  Using t h e  reduced time of observat ion r e e n t e r  t h e  ephemeris and 
determine t h e  apparent p o s i t i o n  of  t h e  l o c a l  body. 
Note: Before t he  ephemeris of t h e  body may be  en te red ,  t h e  time of 
observat ion and t h e  reduced time of observat ion must be  converted t o  ephemeris 
time (see s e c t i o n  on ephemeris t ime) .  
Pa ra l l ax .  - (ear th-based)  
1. Compute t h e  r ad ius  vec to r  of t h e  observer  from t h e  cen te r  of t h e  
Ear th  using t h e  equat ion f o r  an o b l a t e  sphero id .  
2 .  For t h e  vec to r  of t h e  observer  i n  t he  geocen t r i c  e q u a t o r i a l  system of 
da t e  . 
3. Precess  t h e  vec to r  from t h e  equa to r i a l  system of da t e  t o  t he  equa- 
t o r i a l  system of t h e  des i r ed  epoch (eq.  ( 3 ) ) .  
4 .  Make the  l i n e a r  vec to r  t ransformat ion  as  r equ i r ed  f o r  p a r a l l a x  
(eq.  (1))  a 
Note: The computation of t h e  rad ius  vec to r  of t h e  observer  from t h e  
c e n t e r  of t h e  Earth must be  made us ing  t h e  geocent r ic  l a t i t u d e  of t h e  observer .  
The formation of t h e  vec to r  of t h e  observer  i n  geocen t r i c  e q u a t o r i a l  
system of da t e  r equ i r e s  t h e  computation of  t h e  l o c a l  mean s i d e r e a l  t ime. The 
use of mean s i d e r e a l  time i s  compatible with t h e  use  of  precess ion  and t h e  
omission of nu ta t ion .  
Pa ra l l ax .  - (non-earth-based) 
1. Compute t h e  p o s i t i o n  vec to r  from t h e  fundamental c e n t e r  i n  any 
convenient coordinae system. 
2 .  Transform from t h e  convenient coord ina te  system t o  t h e  e q u a t o r i a l  
system of t h e  d e s i r e d  epoch. 
3 .  Make t h e  l i n e a r  vec to r  t ransformat ion  as r equ i r ed  f o r  p a r a l l a x .  
Eohemeris t ime. - 
1. From t h e  American Ephemeris and Nautical  Almanac, s e l e c t  t h e  AT 
c o r r e c t i o n  f o r  t h e  year  of t h e  observa t ion  d a t e .  
2 .  Ca lcu la t e  ephemeris time from t h e  un ive r sa l  time by equat ion ( 2 ) :  
ET = UT + AT. 
3 .  Enter  t h e  ephemeris as r equ i r ed .  
Note: The AT co r rec t ion  i s  given i n  t h e  ephemeris only f o r  t h e  y e a r  of 
t h e  p u b l i c a t i o n  and t h e  p a s t .  I f  t h e  co r r ec t ion  i s  requi red  f o r  a  f u t u r e  y e a r ,  
i t  w i l l  have t o  be  est imated as  b e s t  as poss ib l e  by ex t r apo la t ion  o f  t h e  
values g iven .  
P a s t  values of t h e  AT c o r r e c t i o n  a r e  given t o  0.01 second of t ime,  and 
p re sen t  values a r e  given only t o  t he  n e a r e s t  second due t o  t h e  f a c t  t h a t  t h e  
co r r ec t ion  can only be determined by observa t ion .  As a  consequence, i t  i s  
r e a l l y  only known a f t e r  t h e  f a c t .  
Earth o r i e n t a t i o n .  - (precession)  
1. Compute and form t h e  t ransformat ion  mat r ix  from t h e  polynomial 
expansions i n  time f o r  t h e  elements (eq .  ( 4 ) ) .  
2 .  Transform t h e  vec to r ,  us ing  t h e  mat r ix  of  equat ion (3) e i t h e r  from 
1950.0 t o  d a t e ,  o r  us ing  t h e  i n v e r s e ,  from da te  t o  1950.0. (Both t ransforma- 
t i o n s  w i l l  have t o  be  used i f  t h e  fundamental epoch of t h e  computations i s  
some da t e  o t h e r  than 1950.0.) 
Note: The polynomials f o r  t h e  elements and t h e  mat r ix  have been s e t  up 
f o r  t he  t ransformat ion  from t h e  epoch 1950.0 t o  t h e  t ime used as t h e  
independent v a r i a b l e  i n  t h e  polynomials.  
The r eve r se  of t h i s  procedure can be  used t o  r eve r se  t h e  d i r e c t i o n  of  
t he  precess ion  ( t ransposed mat r ix) .  
The n o t a t i o n  1950.0 r ep re sen t s  t h e  beginning of  t h e  Besse l ian  y e a r ,  which 
i s  wi th in  a  f r a c t i o n  of  a  day of  January 1. I t  a c t u a l l y  s t a r t s  when t h e  mean 
longi tude  of  t h e  Sun reaches exac t ly  280'. 
The fundamental epoch of t h e  precess ion  mat r ix  (eq.  (3 ) )  may b e  changed 
t o  any o t h e r  epoch by s u i t a b l y  a d j u s t i n g  t h e  c o e f f i c i e n t s  of equat ion  ( 4 ) .  
Lib ra t ions . -  (geometrical and phys ica l )  
1 .  For t h e  t ime of  observa t ion ,  compute t h e  t h r e e  l i b r a t i o n  angles us ing  
t h e  mat r ix  equat ions developed i n  appendix B f o r  geometr ical  l i b r a t i o n s  
(eqs . (B5) and (B8) ) . 
2 .  Compute and add t h e  increments t o  t h e  l i b r a t i o n  angles using t h e  
equat ions f o r  phys i ca l  l i b r a t i o n s  (eq . (B9) ) . 
3. Form the  t ransformat ion  matr ix with the  t h r e e  l i b r a t i o n  angles  
(eq.  (BlO)) - 
4. Transform t h e  se lenographic  vec to r  of t h e  landmark t o  t h e  equa to r i a l  
system of d a t e .  
5 .  Precess  t h e  vec to r  from t h e  equa to r i a l  system of da t e  t o  t h e  
equa to r i a l  system of  epoch (eqs.  (4) and ( 3 ) ) .  
Refrac t ion . -  (atmospheric) 
1. Transform t h e  s t a r  coordinates  from t h e  e q u a t o r i a l  system of t h e  
des i r ed  epoch t o  t h e  e q u a t o r i a l  system of da t e  u s ing  t h e  precess ion  ma t r ix  
(eqs . (3) and (4) ) . 
2 .  Transform from t h e  e q u a t o r i a l  system of da t e  t o  t h e  al tazimuth system 
of t h e  observer .  
3 .  Compute and apply r e f r a c t i o n  t o  t h e  a l t i t u d e  of s t a r  (eq.  ( 7 ) ) .  
4.  Transform from t h e  al tazimuth system of t h e  observer  t o  t h e  e q u a t o r i a l  
system of  d a t e .  
5 .  Transform from t h e  e q u a t o r i a l  system of da t e  back t o  t h e  e q u a t o r i a l  
system of  t h e  des i r ed  epoch using the  t ranspose  of  t h e  precess ion  mat r ix .  
Note: The t ransformat ion  between t h e  e q u a t o r i a l  system of da t e  and t h e  
al tazimuth system of  t h e  observer  must be made wi th  t h e  geodet ic  l a t i t u d e  of 
the  observer .  
This t ransformat ion  a l s o  r equ i r e s  t he  computation of  t h e  l o c a l  mean 
s i d e r e a l  time from an expansion i n  mean s o l a r  t ime,  which i s  compatible with 
the  use of precess ion  and t h e  omission of  n u t a t i o n .  
The neg lec t  of  nu ta t ion  produces only very smal l  e r r o r s  i n  t he  computed 
r e f r a c t i o n .  
Ref rac t ion . -  (window) 
1. Transform t h e  observed s t a r  u n i t  vec tor  from t h e  e q u a t o r i a l  i n e r t i a l  
coordinates  t o  t h e  window coordinates  us ing  equat ion (Cl) . 
2 .  Assume any convenient value of t h e  i n t e r n a l  u n i t  vec to r  . (Values 
of a ,  B, a n d y  i n e q .  (CIO).) 
3 .  Compute t h e  i n t e r s e c t i o n  of t h i s  vec tor  with t h e  plane of t h e  
undeflected window us ing  equat ion (C11) . 
4 .  S e t  V1 = 0 ,  equat ion (C12). 
5 .  Using equat ions (C13) t o  (C16) , i t e r a t e  t o  f i n d  t h e  i n t e r s e c t i o n  of 
t h e  ray with the  de f l ec t ed  s u r f a c e  of t he  window. 
6 .  Compute t h e  normal t o  t h e  su r f ace  us ing  equat ion (C17) . 
7. Compute t h e  r e f r a c t e d  ray us ing  equat ion (C18) . 
8. Repeat s t e p s  3 t o  7 f o r  each r e f r a c t i n g  s u r f a c e .  
9 .  Using equat ion (C19), determine t h e  angle between t h e  f r e e  space 
r e f r a c t e d  ray and t h e  s t a r  v e c t o r  determined i n  s t e p  1. 
10. I f  t he  angle determined i n  s t e p  9  i s  t o o  l a r g e ,  compute a  new 
i n t e r n a l  u n i t  vec to r  us ing  equat ion  (C20), inc luding  t h e  ga in  f a c t o r  computed 
from equat ion (C21) . 
11. I t e r a t e  t h e  e n t i r e  process  from s t e p s  3  through 10, u n t i l  t h e  angle 
determined i n  s t e p  9  i s  small  enough. 
12. The f i n a l  r e f r a c t e d  ray  i s  then coincident  with t h e  s t a r  ray  and 
t h e  proper  i n i t i a l  i n t e r n a l  ray vec to r  has been determined. 
Ins t rument . -  (index, a r c ,  f i l t e r )  
1. The a r c  co r r ec t ion  should be  determined f i r s t  from t h e  c a l i b r a t i o n  
curve of  the  s e x t a n t .  Since t h e  a r c  co r r ec t ion  i s  a  func t ion  of t h e  l o c a t i o n  
on the  a r c  a t  which t h e  reading  i s  made, t he  a r c  c o r r e c t i o n  should always be 
taken from the  c a l i b r a t i o n  curve f o r  t he  ac tua l  reading  of t h e  s e x t a n t  a t  t h e  
time of observa t ion ,  t h a t  i s ,  t h e  recorded angle .  
2 .  The index co r rec t ion  and t h e  a r c  co r r ec t ion  may then  be  lumped 
toge the r  and appl ied  t o  t he  s e x t a n t  reading .  
3. The f i l t e r  co r r ec t ion ,  i f  app l i cab le ,  may then  be appl ied  
Note: I t  has been assumed he re  t h a t  t h e  s e x t a n t  has  been proper ly  
ad jus ted  f o r  coplanar i ty  of t h e  p r i n c i p a l  plane of  t h e  s e x t a n t ,  t h e  t e l e scope ,  
and the  normal vec tors  of t h e  horizon and index mi r ro r s .  
I r r ad i ance  . - 
1. A t  t he  p re sen t  time i t  i s  impossible t o  c o r r e c t  f o r  i r r a d i a t i o n  
e f f e c t s  when only l imi t ed  observa t ions  a r e  ava i l ab l e  . 
Note: The b e s t  t h a t  one can do p re sen t ly  i s  t o  use a s  heavy a  f i l t e r  as 
poss ib l e  and hope f o r  t h e  b e s t .  The only poss ib l e  r e s u l t  t h a t  can be  expected 
i s  reduced accuracy. 
Limb e f f e c t s . -  (atmospheric,  i r r e g u l a r i t i e s )  
1. Atmospheric limb e f f e c t s  a r e  very  poorly known a t  t h e  p re sen t  t ime.  
2 .  I r r e g u l a r i t i e s  of t h e  limb a r e  i n  a  condi t ion  impossible  t o  u se  a t  
t h e  p re sen t  t ime,  except f o r  some of t h e  i r r e g u l a r i t i e s  near  t h e  limb of t h e  
Moon, as seen from t h e  Ear th .  
Semidiameter. - 
1. From t h e  r e l a t i v e  p o s i t i o n  v e c t o r  of t he  observed body, determined as  
i n d i c a t e d  under p a r a l l a x  c o r r e c t i o n s ,  and from t h e  known l i n e a r  r ad ius  of t h e  
body, compute t h e  semidiameter of t h e  body. 
2 .  Add o r  s u b t r a c t  t he  above computed semidiameter from t h e  measured 
angle according t o  whether t h e  measurement has  been made t o  t h e  f a r  limb o r  
t h e  near  limb. 
3.  O r ,  i f  d i r e c t  measurements have been made of  t h e  semidiameter,  s t e p  1 
may b e  omi t ted .  
CONCLUDING REMARKS 
This r e p o r t  has presented new t h e o r i e s  concerning window r e f r a c t i o n  and 
l u n a r  geometr ical  l i b r a t i o n s .  Fur ther ,  we have i n d i c a t e d  o r  c o l l e c t e d  i n  one 
l o c a t i o n ,  and i n  an e a s i l y  understood form, e s s e n t i a l l y  a l l  a v a i l a b l e  informa- 
t i o n  on the  co r r ec t ions  f o r  c e l e s t i a l  observa t ions ,  s o  t h a t  t h e  knowledge 
r equ i r ed  by t h e  engineer  f o r  ob ta in ing  high p rec i s ion  observa t ions  i s  r e a d i l y  
a v a i l a b l e .  I t  has been poin ted  out  t h a t  a  c a r e f u l  ana lys i s  should be made of 
t h e  mission p r o f i l e  t o  determine which of  t h e  many co r rec t ions  may be s a f e l y  
omit ted;  some of t h e  co r r ec t ions  r e q u i r e  considerable  computations and may 
amount t o  only a  few seconds of  a r c  i n  themselves,  and may have an even sma l l e r  
e f f e c t  on t h e  co r r ec t ed  observed angle .  
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APPENDIX A 
DEVELOPMENT OF VECTOR EQUATIONS FOR THE ABERRATION OF LIGHT 
S t e l l a r  Aberrat ion 
The abe r r a t ion  of a  s t a r  i s  t he  apparent displacement of t h e  u n i t  v e c t o r  
from t h e  observer  t o  the  s t a r  due t o  t h e  combination of t he  v e l o c i t y  of t h e  
observer  with the  v e l o c i t y  of l i g h t .  This combination i s  t h e  simple l i n e a r  
vec tor  summation of t h e  two v e l o c i t i e s ,  reduced t o  t h e  u n i t  vec tor  form. 
Since t h e  v e l o c i t y  of l i g h t  i n  f r e e  space i s  considered a  cons t an t ,  i f  
t he  v e l o c i t y  v e c t o r  of  t h e  observer  were a l s o  cons t an t ,  a l l  t he  apparent  pos i -  
t i ons  of t h e  s t a r s  would be  d isp laced  by d i f f e r e n t  b u t  cons tan t  angles  from 
t h e i r  t r u e  p o s i t i o n s .  Under t hese  condi t ions  a s l i g h t l y  erroneous bu t  con- 
s t a n t  p i c t u r e  of t h e  heavens would be obta ined .  Now the  v e l o c i t y  o f  t h e  Sun, 
o r  t he  s o l a r  system, i s  e s s e n t i a l l y  cons t an t ,  a t  l e a s t  over  very long per iods  
of t ime,  w i th in  t h e  accuracy of our astronomical  measurements. Consequently, 
a l l  s t a r  ca ta logs  quote s t a r  pos i t i ons  as  though they were seen  by an h e l i o -  
c e n t r i c  observer  moving wi th  t h e  ve loc i ty  of t h e  Sun. The important p o i n t  t o  
be remembered he re  i s  t h a t  t he  co r r ec t ion  f o r  a b e r r a t i o n  must be based on t h e  
h e l i o c e n t r i c  v e l o c i t y  of t h e  observer .  
Two vec to r  equat ions w i l l  be  developed f o r  t h e  abe r r a t ion  of l i g h t ,  one 
w i l l  b e  r igorous ,  and one w i l l  be  s l i g h t l y  more convenient t o  use f o r  machine 
computations.  The geometry of t h e  
STAR 
f s i t u a t i o n  i s  displayed i n  f i g u r e  1. An observer ,  l oca t ed  a t  0  and moving 
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through space  with the  v e l o c i t y  v e c t o r  
- 
V ,  observes a  s t a r  whose t r u e  d i r e c t i o n  
( h e l i o c e n t r i c  d i r e c t i o n )  i s  given by 
t h e  u n i t  vec to r  S .  The l i g h t  from t h e  
s t a r  approaches the  observer  with t h e  
v e l o c i t y  vec to r  T r e l a t i v e  t o  f i x e d  
space .  The v e l o c i t y  of the s t a r  l i g h t  
r e l a t i v e  t o  t h e  moving observer  i s  
given by -7, and t h e  s t a r  appears t o  
t he  observer  t o  be  loca ted  i n  d i r e c t i o n  
. Now, i f  we use t h e  convention t h a t  
any vec to r  i s  composed of a  magnitude 
and a  u n i t  vec to r ,  then it  i s  apparent  
t h a t  
Then we may w r i t e  
Figure 1.- The a b e r r a t i o n  of  l i g h t  due t o  t h e  
h e l i o c e n t r i c  v e l o c i t y  of  t h e  observer .  - 
s  xj7-c 
and 
o r  
- 
A v - 7  - 
S = - 
vc + c5 
( V -  c( / v c +  c ? /  
This i s  t h e  r igorous  equat ion  f o r  s t e l l a r  a b e r r a t i o n .  I t  has  t he  disadvantage 
t h a t  t h e  magnitude of t h e  v e c t o r  must be  eva lua ted  f o r  t h e  denominator. A 
s l i g h t l y  more convenient equat ion  may be  der ived  from f i g u r e  1 with t h e  h e l p  
of  two add i t i ona l  v e c t o r s .  These a u x i l i a r y  vec tors  a r e  Fi and K, both of  
which a r e  normal t o  t h e  d i r e c t i o n  t o  t he  s t a r  as given by . Then w may 
w r i t e  
now 
s i n c e  
and 
- h 
V . S < < C  
Then we may a l s o  w r i t e  
- 
x = 5 x  ( V x 5 )  
which may be  reduced t o  
l ~ h e s e  equat ions have been developed i n  n o n r e l a t i v i s t i c  mechanics and 
a r e  thus accura te  f o r  v e l o c i t i e s  of t h e  observer  where V/c << 1. I t  has  been 
k indly  poin ted  out  by M r .  William M .  Adams, J r . ,  of  Langley Research Center ,  
t h a t  t he  co r r ec t  equat ion f o r  a  r e l a t i v i s t i c  observer  would be  
This equat ion reduces t o  equat ion  (A4) f o r  n o n r e l a t i v i s t i c  observers  where 
( v / c l 2  and h ighe r  terms may b e  neglec ted .  
Then, s u b s t i t u t i n g  i n t o  equat ion (A3), 
and then i n t o  equat ion (A2) 
Although equat ion (A4) i s  an approximation, i t  i s  a  very good approxima- 
t i o n ,  s i n c e  t h e  values of V a r e  always very small  compared t o  t h e  v e l o c i t y  
of l i g h t  c .  The value of  t -'(V/c) f o r  t he  Ear th ,  which i s  known as  t h e  g  
cons tan t  of abe r r a t ion ,  i s  only 20 .4  seconds of a r c .  
P lane tary  Aberrat ion 
When an observer  views a  p l a n e t ,  o r  any o t h e r  body wi th in  t h e  s o l a r  
system, he  sees  t h e  body d isp laced  by s t e l l a r  abe r r a t ion  j u s t  as  h e  would 
when viewing a  s t a r .  However, a  fundamental d i f f e r e n c e  e x i s t s  i n  t h e  method 
of  c o r r e c t i n g  f o r  t h i s  e r r o r  ( see  r e f .  17) .  This d i f f e r ence  a r i s e s  as  a  
d i r e c t  r e s u l t  of t h e  f a c t  t h a t  t h e  p o s i t i o n  of  t h e  p l a n e t ,  as  supp l i ed  by t h e  
ephemeris, is  fundamentally d i f f e r e n t  information than t h a t  supp l i ed  by a  s t a r  
ca t a log  f o r  t h e  p o s i t i o n  of t h e  s t a r .  A s t a r  ca t a log  gives t h e  d i r e c t i o n  from 
which t h e  l i g h t  a r r i v e s  when it  e n t e r s  t h e  eye of t h e  h e l i o c e n t r i c  observer .  
The f a c t  t h a t  t h e  observer  i s  considered t o  b e  h e l i o c e n t r i c  i s  not  r e a l l y  
germane t o  t h i s  immediate d i scuss ion ,  b u t  t h e  f a c t  t h a t  t h e  c a t a l o g  s u p p l i e s  
t he  d i r e c t i o n  from which t h e  l i g h t  i s  approaching i s  important .  The b a s i c  
ephemeris of a  p l a n e t ,  on t h e  o t h e r  hand, gives t h e  t r u e  geometric p o s i t i o n  of 
t h e  p l a n e t  i n  space a t  t h e  time s p e c i f i e d ,  and makes no allowances f o r  t h e  
t r a v e l  time of  t he  l i g h t  o r  
MOON$ any o t h e r  phenomenon. Although 
APPARENT 
DIRECTION t h i s  may g ive  the  impression 
t h a t  some complicat ion would 
be involved i n  t h e  computation 
of t h e  co r r ec t ion ,  it w i l l  b e  
shown t h a t  t h e  apparent  pos i -  
t i o n  of t h e  p l a n e t  may be  
taken d i r e c t l y  from t h e  ephen- 
e r i s  by t h e  simple expedient  
of decrementing t h e  t ime of 
observa t ion  by t h e  t r a v e l  time 
of t h e  l i g h t  from t h e  p l ane t  
t o  t h e  observer .  
Figure 2 shows t h e  
combined e f f e c t s  o f  bo th  
s t e l l a r  and p l ane ta ry  aber ra-  
t i o n .  A t  t h e  t ime t h e  l i g h t  
leaves t h e  body a t  Mo ( say ,  
Figure 2.- Planetary and stellar aberration combined. t he  Moon) t h e  observer  i s  














reaches t h e  observer  a t  01 ,  along the  pa th  r ,  t h e  
Moon has moved on t o  M I .  I f  a t  t h e  time of observa- 
t i o n  we en tered  t h e  ephemeris of t h e  Moon i t  would 
i n d i c a t e  t h a t  t h e  Moon was loca ted  a t  M1 a t  t h e  
d i s t ance  rm from t h e  observer .  Now, t h e  s t e l l a r  
abe r r a t ion  d iscussed  above gives t h e  observer  t h e  
impression t h a t  t h e  Moon i s  loca ted  i n  t he  d i r e c t i o n  
of t he  u n i t  vec to r  . We assume t h a t  during t h e  
time of  l i g h t  passage from Mo t o  O1 t h a t  t h e  
observer  has moved with uniform ve loc i ty  along d  
from 0,-to 01 and a r r i v e s  01 with t h e  v e l o c i t y  
vec tor  V ,  and t h a t  t he  approaching l i g h t  has t h e  
v e l o c i t y  vec to r  . Then, as discussed above i n  
conjunction with equat ion  (Al) , t h e  body appears t o  
b e  loca ted  i n  t he  d i r e c t i o n  5, which i s  p a r a l l e l  t o  
S .  Now - it  i s  apparent  t h a t  F and T a r e  c o l i n e a r ,  
as a r e  V and x. Then we may w r i t e ,  us ing  A t  f o r  
t he  l i g h t  time 
then,  on e l imina t ion  of A t ,  
Thus, t he  two t r i a n g l e s  a r e  s i m i l a r  and t h e  s i d e  D 
i s  p a r a l l e l  t o  t h e  s i d e  7. Now S o r  i is  t h e  
apparent d i r e c t i o n  of  t h e  Moon, as  seen by t h e  
observer ,  and D is  t h e  d i r e c t i o n  of t h e  Moon from 
t h e  observer  a t  t he  time t h e  l i g h t  l e f t  t h e  Moon. 
Consequently, t he  apparent  d i r e c t i o n  of t h e  Moon, a t  
t h e  time of observa t ion ,  i s  t h e  same as  t h e  t r u e  
d i r e c t i o n  of  t h e  Moon a t  t h e  time the  l i g h t  l e f t  t h e  
Moon. A t  t h e  time o f  observa t ion ,  t he  l i g h t  has  
t r a v e l e d  t h e  d i s t ance  r i n  t he  time A t .  However, 
n e i t h e r  of t hese  q u a n t i t i e s  i s  known. We do know t h e  
d i s t ance  rm from t h e  ephemeris, and we may assume 
t h a t  
s i n c e  t h e  v e l o c i t y  of  t h e  Moon i s  very smal l  compared 
t o  t h e  v e l o c i t y  of l i g h t  and consequently r and rm 
a r e  approximately equal .  Thus, t h e  apparent d i r e c -  
t i o n  of t h e  Moon a t  t he  time of observat ion may be  
found by en te r ing  t h e  ephemeris a t  t he  time of  obser- 
v a t i o n ,  determining t h e  d i s t ance  t o  t he  Moon and t h e  
l i g h t  t ime, and then reducing the  time o f  observa t ion  
by t h e  l i g h t  time and then  r een te r ing  t h e  ephemeris 
t o  determine the  apparent  d i r e c t i o n  of t h e  Moon a t  
t he  time of observa t ion .  
APPENDIX B 
DEVELOPMENT OF EQUATIONS FOR LUNAR GEOMETRICAL LIBRATIONS 
The r o t a t i o n  of t he  Moon about i t s  ax i s  may be  sepa ra t ed  i n t o  two 
components. The f i r s t  o f  t h e s e  i s  a  s teady  r o t a t i o n  i n  a  counterclockwise 
d i r e c t i o n ,  as seen  from t h e  n o r t h ,  which i s  i n  t h e  same d i r e c t i o n  as  t h e  
r evo lu t ion  of t he  Moon about t he  Earth i n  i t s  o r b i t .  The per iod  of t h i s  r o t a -  
t i o n  i s  exac t ly  equal t o  t h e  s i d e r e a l  per iod  of t h e  luna r  o r b i t .  This r o t a -  
t i o n ,  combined with the  o r b i t a l  motion, t h e  i n c l i n a t i o n  of  t h e  Moon's equator  
t o  t h e  e c l i p t i c ,  t h e  p o s i t i o n  of t h e  lunar  node, and t h e  i n c l i n a t i o n  of  t he  
e c l i p t i c  t o  t h e  E a r t h ' s  e q u a t o r i a l  p lane  gives r i s e  t o  t h e  geometr ical  l i b r a -  
t i o n s  . The second p a r t  of t h e  luna r  r o t a t i o n  i s  a  very low amplitude o s c i l -  
l a t o r y  motion, which gives r i s e  t o  t he  phys ica l  l i b r a t i o n s .  I t  i s  t h e  
geometrical l i b r a t i o n s  t h a t  a r e  of concern h e r e .  
Several  p e r t i n e n t  f a c t s  concerning t h e  i n t e r r e l a t i o n s h i p  between t h e  
r o t a t i o n  and revolu t ion  of t h e  Moon a r e  expressed i n  t h e  t h r e e  laws o f  Cass in i .  
These t h r e e  laws, which were o r i g i n a l l y  empir ical  and l a t e r  proved 
mathematically by Lagrange and Laplace, s t a t e  t h a t :  
1. The Moon r o t a t e s  eastward, on an ax is  f i x e d  i n  i t s  body, with a  
constant  angular  ve loc i ty ,  and t h e  per iod  of r o t a t i o n  i s  exac t ly  t he  same as  
t h a t  of t h e  lunar  s i d e r e a l  r evo lu t ion  about t he  Ea r th .  
2 .  The i n c l i n a t i o n  of  t h e  luna r  equator  t o  t h e  e c l i p t i c  i s  a  cons t an t .  
3 .  The poles  of t h e  luna r  equator ,  t h e  e c l i p t i c ,  and t h e  lunar  o r b i t  a l l  
l i e  i n  a  g rea t  c i r c l e ,  i n  t h a t  o rde r .  
The r o t a t i o n  of t h e  Moon about i t s  p o l a r  ax i s  i s  cons tan t  and t h e  angle 
through which it  has turned a f t e r  a  given per iod  of time i s  a  l i n e a r  func t ion  
of  t h e  t ime. Consequently, t h e r e  i s  a  d i r e c t  r e l a t i o n s h i p  with the  mean 
longi tude of t he  lunar  o r b i t a l  motion. I f  the  mean motion of t h e  Moon and t h e  
t r u e  motion coincided,  then exac t ly  t h e  same face  of t h e  Moon would b e  pre-  
sen ted  toward t h e  Earth a t  a l l  t imes .  However, t h e  o s c u l a t i n g  o r b i t  o f  t h e  
Moon i s  e c c e n t r i c ,  and it i s  a l s o  per turbed  by t h e  Sun and t h e  p l a n e t s .  As a  
consequence, t he  d i f f e r ence  between t h e  t r u e  p o s i t i o n  and t h e  mean p o s i t i o n  
causes t he  Moon t o  appear t o  o s c i l l a t e  about t h e  r ad ius  v e c t o r  of t h e  Moon 
from t h e  Ea r th .  
The i n v e s t i g a t i o n  w i l l  now proceed along two p a r a l l e l  p a t h s .  In  one we 
w i l l  develop the  t ransformation mat r ix  f o r  any se lenographic  vec to r  t o  t h e  
equa to r i a l  system v i a  the  laws of  Cass in i  and t h e  general  geometry of  t h e  
o r b i t .  I n  t he  o t h e r  we w i l l  develop a  s i m i l a r  t ransformat ion  mat r ix  v i a  t h e  
t h r e e  l i b r a t i o n  angles and t h e  t r u e  p o s i t i o n  of t h e  Moon as  given by i t s  r i g h t  
ascension and dec l ina t ion .  These w i l l  then be equated and a  s o l u t i o n  obtained 
f o r  the  t h r e e  l i b r a t i o n  angles .  I f  we were i n t e r e s t e d  only i n  determining t h e  
vec to r  of a  lunar  landmark i n  t h e  equa to r i a l  system as d i s tu rbed  by t h e  geo- 
me t r i ca l  l i b r a t i o n s  , t he  f i r s t  t ransformation would be  s u f f i c i e n t .  However, 
t he  phys ica l  l i b r a t i o n s  a r e  
given, very convenient ly ,  as a  
func t ion  of t ime,  i n  terms of 
t h e  t h r e e  l i b r a t i o n  ang le s .  
Therefore,  it i s  app ropr i a t e  
t o  compute the  angles  f o r  t he  
geometr ical  l i b r a t i o n s  s o  t h a t  
those  determined f o r  t h e  
phys ica l  l i b r a t i o n s  may be  
added d i r e c t l y  t o  them. The 
t ransformat ion  mat r ix  of  t h e  
landmark i s  then  formed from 
t h e  t o t a l  l i b r a t i o n  ang le s .  
The genera l  geometry of 
t he  s i t u a t i o n  i s  shown i n  
f i g u r e  3 .  The geocen t r i c  
e q u a t o r i a l  i n e r t i a l  coord ina te  
system i s  shown as ( I JK) ,  t h e  
o b l i q u i t y  of t h e  e c l i p t i c  i s  
E ,  t h e  longi tude of t h e  lunar  
Figure  3 . -  O r b i t a l  geometry of  t h e  mean )loon r e l a t i v e  t o  t h e  o r b i t a l  node i s  R ,  i n c l i n a -  
Ear th  and t h e  e q u a t o r i a l  i n e r t i a l  coord ina te  system. t i o n  of  t h e  lunar  o r b i t  t o  t h e  
e c l i p t i c  i s  i ,  t h e  argument 
of  l a t i t u d e  i s  R - R .  Note 
t h a t  R, t h e  mean longi tude  of 
t h e  Moon, i s  measured from t h e  
verna l  equinox T along the  
e c l i p t i c  t o  t h e  node and thence 
along t h e  o r b i t  t o  t h e  p o s i t i o n  
of  t he  mean Moon (not  t h e  t r u e  
Moon). The f a c t s  expressed by 
Cass in i  ' s  t h i r d  law a r e  shown 
i n  f i g u r e  4 f o r  t he  i n s t a n t  
t h e  Moon occupies t h e  ascending 
node. The i n c l i n a t i o n  of t h e  
luna r  o r b i t  r e l a t i v e  t o  t h e  
e c l i p t i c  i s  i and t h a t o f  
t h e  lunar  equator  i s  I .  The 
poles  of t h e  t h r e e  p lanes  a r e  
coplanar ,  with t h a t  of  t h e  
e c l i p t i c  occupying t h e  c e n t r a l  
p o s i t i o n .  The cop lana r i ty  of 
LUNAR ORBIT t h e  poles  i s ,  of course ,  not  
d i s tu rbed  by t h e  progress  of 
LUNAR EQUATOR t he  Moon i n  i t s  o r b i t .  
Some time a f t e r  t h e  Moon 
has passed the  node i t  i s  
s i t u a t e d  as  shown i n  f i g u r e  3 .  
F igure  4 . -  I l l u s t r a t i o n  o f  C a s s i n i ' s  Laws with A c lose-up of t h e  geometry a t  





t h i s  lunar  p o s i t i o n  i s  shown 
i n  f i g u r e  5 .  The se leno-  
1 graph ic  coordinate  s y s  tem, 
ii which i s  f i x e d  i n  t h e  body of t h e  M?on, i s  des igna ted  ( i S c ) .  
The i ax i s  i s  l oca t ed  i n  t he  
e q u a t o r i a l  plane and i s  t h e  
o r i g i n  of t he  longi tude and 
l a t i t u d e  measurements, s i m i l a r  
t o  t he  geographic system. The 
ax i s  i s  s i t u a t e d  along t h e  
LUNAR ORBITAL !unar r o t a t i o n a l  po le ,  and t h e  
PLANE j ax i s  a l s o  l i e s  i n  t h e  p l ane  
of  t h e  lunar  equator .  The i 
LUNAR EQUAPOR'AL a x i s  is  a r b i t r a r i l y  chosen as  
PLANE t h a t  rad ius  of  t h e  mean Moon 
p o i n t i n g  t o  t h e  c e n t e r  of t h e  
Ear th  when the  mean Moon i s  a t  
t h e  node of t he  o r b i t .  (Now, 
s i n c e  t h e  mean Moon and t h e  
Figure  5 . -  Geometry between t h e  mean l u n a r  o r b i t a l  t r u e  Moon coincide only a$ 
e q u a t o r i a l  p lanes  and t h e  t e r r e s t r i a l  r a d i u s  pe r igee  and apogee, t h e  i 
v e c t o r .  a x i s  of t h e  t r u e  Moon w i l l  
p o i n t  t o  the  cen te r  of  t h e  
Earth only when t h e  t r u e  Moon 
i s  s imultaneously loca ted  a t  t h e  node, e i t h e r  ascending o r  descending, and a t  
an apse, e i t h e r  pe r igee  o r  apogee.) The rad ius  v e c t o r  between the  Earth and 
t h e  Moon ( f i g .  5) has r o t a t e d ,  i n  t h e  o r b i t a l  p l ane ,  from t h e  node by t h e  
angle R - a. The 2 ax i s  has a l s o  r o t a t e d  from t h e  nodal l i n e  by t h e  angle 
R - R b u t  l i e s  i n  t h e  p lane  of t he  lunar  equator .  Our process  now i s  t o  
develop t h e  t ransformat ions  r equ i r ed  t o  r o t a t e  t h e  ax i s  i n t o  t h e  r ad ius  
vec to r  t o  t he  Ear th ,  as shown i n  f i g u r e  5 ,  r o t a t e  t h i s  p o s i t i o n  by 180°, t o  
po in t  away from t h e  Ear th ,  and then,  as shown i n  f i g u r e  3 ,  t o  r o t a t e  along t h e  
o r b i t a l  p lane  t o  t h e  node, and then along t h e  e c l i p t i c  t o  t h e  verna l  equinox. 
The t r a n s  formations a r e  given by t h e  fol lowing equat ion  : 
The ind iv idua l  r o t a t i o n  matr ices  a r e  he re  formed from t h e  name of t h e  angle 
and subsc r ip t ed  by t h e  ax i s  of  r o t a t i o n .  The t h r e e  r o t a t i o n  mat r ices ,  about 
t h e  th ree  axes,  f o r  t he  angle 6 ,  a r e  def ined  a s :  
0  
cos 0 
s i n  0  
cos  0 0  - s i n  0 
s i n  e cos  0 
cos 0  i - s i n  0 0  [O,] = s i n  0 cos e 0  0  0  1 
The symbol Kt r e p r e s e n t s  any v e c t o r  i n  t h e  s e l e n o g r a p h i c  c o o r d i n a t e  sys tem,  
w h i l e  X i s  t h a t  same v e c t o r  i n  t h e  e q u a t o r i a l  sys tem.  The f i r s t  f o u r  
A 
m a t r i c e s  o f  e q u a t i o n  (Bl)  , i n  o r d e r  from r i g h t  t o  l e f t ,  c a r r y  t h e  i a x i s  
i n t o  t h e  l i n e  o f  nodes ( f i g .  S ) ,  t h e  e q u a t o r i a l  p l a n e  i n t o  t h e  o r b i t a l  p l a n e ,  
t h e  I a x i s  i n t o  t h e  r a d i u s  v e c t o r ,  and t h e n  r o t a t e  i t  180" s o  t h a t  it i s  now 
p o i n t i n g  d i r e c t l y  away from t h e  c e n t e r  of t h e  E a r t h .  The a x i s  i s  now 
a l i n e d  w i t h  t h e  r a d i u s  v e c t o r  from t h e  Ear th  t o  t h e  Moon ( f i g .  3 ) ,  and t h e  
A 
n e x t  f o u r  r o t a t i o n  m a t r i c e s  c a r r y  t h e  i a x i s  a long  t h e  o r b i t a l  p l a n e  t o  t h e  
node,  r o t a t e  t h e  o r b i t a l  p l a n e  i n t o  t h e  p l a n e  o f  t h e  e c l i p t i c ,  t h e  a x i s  
a long  t h e  e c l i p t i c  t o  t h e  v e r n a l  equinox,  and t h e  e c l i p t i c  i n t o  t h e  p l a n e  o f  
t h e  E a r t h ' s  e q u a t o r .  
The e q u a t i o n  may now b e  s i m p l i f i e d  by f a c t o r i n g  t h e  r o t a t i o n  m a t r i x  
[180,] o u t  t o  t h e  l e f t .  I n  s o  do ing ,  a l l  r o t a t i o n s  about  t h e  z a x i s  a r e  
u n a f f e c t e d  and any r o t a t i o n s  about  t h e  x o r  y  a x i s  a r e  t r a n s p o s e d .  The 
r e s u l t  and t h e  f u r t h e r  s t e p s  i n  t h e  s i m p l i f i c a t i o n s  a r e  g iven  below. 
l ~ h i s  i s  a  l e g a l  o p e r a t i o n ,  because  o f  t h e  s p e c i a l  n a t u r e  o f  t h e  [18OZ] 
m a t r i x .  
Equation ( B 2 )  transforms any vec to r  i n  t h e  se lenographic  coordinate  system 
i n t o  a  vec to r  i n  t he  equa to r i a l  system. As mentioned above, i f  we were 
i n t e r e s t e d  only i n  t he  e f f e c t s  of t h e  geometr ical  l i b r a t i o n s  t h i s  equat ion 







EARTH '\ NORTI POLE 
T 
PLANE OF THE 
EARTH EQUATOR CELESTIAL EQUATOR 
We w i l l  now develop t h e  
t r a n s  formation ma t r ix  v i a  t h e  
l i b r a t i o n  angles and t h e  t r u e  
p o s i t i o n  of t h e  Moon as  given 
by t h e  r i g h t  ascension and 
d e c l i n a t i o n .  I n  f i g u r e  6 ,  t h e  
Moon i s  shown as  i t  appears i n  
t h e  heavens t o  an observer  on 
Ea r th .  An hour c i r c l e  of t h e  
e q u a t o r i a l  coord ina te  system 
i s  shown pass ing  through the  
apparent cen te r  C of t h e  
Moon, and i s  marked N a t  i t s  
nor thern  p a r t  and S a t  i t s  
southern  p a r t .  A smal l  c i r c l e ,  
known as a d e c l i n a t i o n  c i r c l e  
i s  marked E f o r  i t s  e a s t e r n  
p a r t a n d  W f o r  i t s  western 
p a r t .  The c e n t r a l  meridian,  
i n  t h e  se lenographic  coordin- 
a t e  system, i s  shown pass ing  
through C and t h e  nor th  pole  
of  t h e  Moon. The p o s i t i o n  
angle of t h i s  meridian i s  
designated Po ,  and normal t o  
i t  i s  t h e  lunar  equator .  The 
p o i n t  0 i s  t h e  o r i g i n  of 
s elenographic coord ina tes  and 
extending from i; i s  t he  
p r i n c i p a l  ax i s  i .  To an 
observer  on the  Moon a t  t h e  
p o i n t  C ,  t he  c e n t e r  of t h e  
Earth appears t o  be i n  t h e  
z e n i t h .  The se lenographic  
coordinates  of t h e  p o i n t  C 
a r e  given as longi tude  X and 
l a t i t u d e  6, both p o s i t i v e  as  
shown. The t h r e e  angles  A ,  
6, and Po a r e  t h e  t h r e e  l i b r a -  
t i o n  angles i n  longi tude ,  l a t i -  
t ude ,  and p o s i t i o n  ang le .  I n  
add i t i on ,  t he  p o s i t i o n  of t h e  
c e n t e r  of t h e  Moon i s  given as 
(b) The p o s i t i o n  o f  t h e  Moon i n  t h e  g e o c e n t r i c  e q u a t o r i a l  in right ascension and 
system. i n  dec l ina t ion  r e l a t i v e  t o  t h e  
equator  and equinox of  our  
Figure  6 . -  The t r u e  Moon as it appears i n  t h e  heavens t o  an 
observer  on t h e  Ear th .  fundamental system. We a r e  
now i n  a  p o s i t i o n  t o  formulate our  t ransformat ion  mat r ix ,  which we may w r i t e  
as : 
Here, reading the  r o t a t i o n  matr ices  from r i g h t  t o  l e f t ,  we have r o t a t e d  t h e  
ax i s  through t h e  longi tude angle X and t h e  l a t i t u d e  angle B u n t i l  i t  i s  
po in t ing  i n  t h e  d i r e c t i o n  of t h e  cen te r  of  t h e  Ear th ,  and then  r o t a t e d  t h e  
plane of t h e  luna r  equator  through t h e  angle Po u n t i l  i t  i s  co inc ident  wi th  
the  d e c l i n a t i o n  c i r c l e  EW and p a r a l l e l  t o  t h e  equator .  Next we have r o t a t e d  
the  i ax i s  u n t i l  i t  i s  po in t ing  d i r e c t l y  away from t h e  Ear th ,  and then  
brought it i n t o  coincidence with t h e  ve rna l  equinox through t h e  succes s ive  
angles 6 and a .  As with t h e  previous development we may f a c t o r  t h e  ma t r ix  
[180,] out  t o  t h e  l e f t ,  producing 
We now have two d i f f e r e n t  expressions (eqs . ( B 2 )  and (B4)) conta in ing  
the  same t ransformat ion  mat r ix  which we may equate  and so lve  f o r  t h e  unknown 
l i b r a t i o n  angles  . 
The q u a n t i t i e s  on t h e  l e f t  a r e ,  of course,  our  unknowns and a l l  t h e  q u a n t i t i e s  
on the  r i g h t  a r e  a v a i l a b l e  f o r  computation. The only problem l e f t  i s  t h a t  of 
unscrambling t h e  t h r e e  angles from t h e  l e f t  s i d e  of t h e  expression.  This may 
be r e a d i l y  accomplished by s e t t i n g  
and then expanding t h e  r ight-hand s i d e  t o  provide 
(cos 6  cos A) (cos 0  s i n  h )  (sin 0 )  
Po s i n  A  + s i n  Po s i n  0 cos h )  (cos Po cos h  + s i n  Po s i n  0  s i n  X) ( - s in  Po cos 0 )  1 
b - s i n  Po s i n  1 - cos Po s i n  0  cos h )  (sin Po cos h  - cos Po s i n  0  s i n  h )  (cor Po cos B ) ]  
The mat r ix  [A] may be computed from the  r igh t -hand s i d e  of equat ion (BS) and 
we may then f i n d  our  t h r e e  l i b r a t i o n  angles  from t h e  elements of t h i s  ma t r ix .  
s i n  6 = A13 
The values of t h e  r i g h t  ascension a and the  d e c l i n a t i o n  6 o f  t h e  
Moon have been precomputed and a r e  a v a i l a b l e  i n  t a b u l a r  form o r  on magnetic 
tape s u i t a b l e  f o r  an e l e c t r o n i c  computer. The o t h e r  q u a n t i t i e s  a r e  e i t h e r  
cons tan t  o r  have been expressed as func t ions  of  t ime.  These q u a n t i t i e s  
I ,  E , a ,  and R have been taken from reference  9 and a r e  given below: 
E = 23°27f08f!26 - 46'!845T - 0'!0059T2 + 0'!00181T3 Epoch = 1900.0 d 
= 1900 Jan  0.313 
a = 270?434164 + 13"763965268d - 0 % 0 0 0 8 5 0 ~ ~  Epoch = 1900 Jan 045 ET 
= J D  2415020.0 
where 
J D  J u l i a n  Day number 
The lunar  geometrical l i b r a t i o n s  may be computed from t h e  above simple 
equat ions ,  which obvia tes  t h e  need t o  s t o r e  t he  values on t ape  and then 
i n t e r p o l a t e  them t o  t h e  des i r ed  t ime.  
The phys i ca l  l i b r a t i o n s  may be  computed from r e l a t i v e l y  simple equat ions 
t h a t  provide t h e  increments A X ,  A @ ,  and APo t o  be  added t o  t h e  l i b r a t i o n  
angles discussed above. From reference  9 ,  
Ah = 0 0 0 3  s in (&- I " )  - 0%05 s i n  2 ( r f - Q )  - 0%16 s i n  go + APo s i n  
A 6  = M cos X + N s i n  A (B9) 
APo = (M s i n  X - N cos X)sec 6 
where 
d I" = 3340329556 + 0?1114040803d - 0 ? 0 0 0 7 7 3 9 ~ ~  Epoch = 1900 Jan  0 . 5  ET 
= J D  2415020.0 
Here R and R a r e  as def ined above, r f  i s  t he  mean longi tude  of t h e  
lunar  pe r igee ,  and go i s  t h e  mean anomaly of  t h e  Sun; M and N a r e  merely 
a u x i l i a r y  q u a n t i t i e s .  
The t o t a l  l i b r a t i o n  anglis a r e  then computed by adding t h e  increments 
found from equat ions (B9) above t o  t h e  geometrical l i b r a t i o n  angles  computed 
from equat ions (B8) . 
and t h e  vec to r  of t h e  landmark i n  e q u a t o r i a l  coordinates  i s  then  found by 
s u b s t i t u t i n g  i n t o  t h e  equat ion (B4), which becomes 
I t  w i l l  b e  noted t h a t  t h e  equat ions f o r  E ,  R ,  R, I?', and g a r e  
0 
re ferenced  t o  a  p a r t i c u l a r  epoch and t h a t  they a r e  given i n  terms of t h e  time 
va r i ab l e s  d,  D ,  and T. The q u a n t i t y  d i s  t h e  number of  J u l i a n  days t h a t  
have e lapsed  s i n c e  t h e  epoch 1900 January 0d5 (o r  J u l i a n  day number 2415020.0). 
In  C i v i l  t ime,  t h i s  epoch i s  December 31, 1899, a t  Greenwich noon. The 
quan t i t y  D i s  t h e  same as  d b u t  expressed i n  terms of 10,000 J u l i a n  
days. S i m i l a r l y ,  T i s  e s s e n t i a l l y  t h e  same as d expressed i n  terms of 
J u l i a n  cen tu r i e s  of 36525 days. The quan t i t y  0.187, i n  t h e  de f in ing  equat ion 
f o r  T, i s  an adjustment f o r  t h e  d i f f e r e n c e  i n  epochs between t h e  one equat ion 
conta in ing  T ( t h e  equat ion f o r  E ) ,  whose epoch i s  1900 January 0d313, and 
the  o t h e r  equat ions conta in ing  d and D whose epoch i s  1900 January 0d5. 
The d i f f e r e n c e  between ephemeris and un ive r sa l  time a t  t h e s e  fundamental 
epochs, which i s  -3$9, has  been considered t o  be s u f f i c i e n t l y  small  t o  be  
ignored f o r  t h e  p re sen t  purposes.  I t  should be  c a r e f u l l y  noted t h a t  a l l  o f  
t hese  equat ions provide values of t h e i r  r e spec t ive  va r i ab l e s  r e l a t i v e  t o  t he  
mean equator  and equinox of d a t e .  As a  consequence our  landmark v e c t o r  found 
from equat ion  (B10) is  represented  i n  t h i s  same coordinate  system and must be  
precessed t o  t he  fundamental system be fo re  f u r t h e r  use i s  made of  i t .  
APPENDIX C 
DEVELOPMENT OF EQUATIONS FOR WINDOW REFRACTION 
An observer  i n  a  p re su r r i zed  s p a c e c r a f t  may be  requi red  take  h i s  
naviga t ion  observa t ions  through a  window, o r  a  s e t  of window panes. The 
windows w i l l  undoubtedly be  de f l ec t ed  by t h e  d i f f e r e n t i a l  p ressure  e x i s t i n g  
between t h e  i n t e r i o r  and t h e  e x t e r i o r ,  and any l i g h t  ray t r a v e r s i n g  t h e  win- 
dow w i l l  b e  r e f r a c t e d  due t o  both the  d i f f e r ence  i n  p re s su re  and t h e  de f l ec -  
t i o n  of t h e  window. The e x t e r n a l  ray t o  t h e  o b j e c t  s i g h t e d  may always be 
considered t o  be approximately known, s i n c e  we assume t h a t  a  naviga t ion  s i g h t  
t o  a  known ob jec t  i s  being made. 
The f i r s t  s t e p  t o  an understanding of t h e  process  i s  t o  r e a l i z e  t h a t  an 
e n t i r e  bundle of  p a r a l l e l  rays from t h e  ob jec t  i n t e r c e p t s  t h e  window a t  a l l  
po in t s  on the  s u r f a c e .  And t h a t ,  even though a l l  t h e s e  rays a r e  t r ansmi t t ed  
through t h e  window, only one ray en te r s  t h e  eye of  t h e  observer ,  o r  t h e  
instrument  he  may b e  us ing .  The r e a l  problem, then ,  i s  t h a t  of d i scover ing  
t h i s  p a r t i c u l a r  r ay .  Since t h e  mathematical d e s c r i p t i o n  of o p t i c a l  phenomenon 
i s  r e v e r s i b l e  we w i l l  consider  a  ray t o  be  emerging from t h e  eye of  t h e  
observer ,  extending i t  t o  t h e  window, r e f r a c t i n g  i t  a t  t he  window, and then  
cont inuing i t  on t o  t h e  body under observa t ion .  When a h ighe r  o rde r  func t ion  
i s  used t o  r ep re sen t  t h e  s u r f a c e  of t h e  r e f r a c t i n g  window, t h e  problem i s  
mathematically unsolvable i n  an a n a l y t i c a l  form and recourse  must b e  had t o  
t h e  process  of  approximating t h e  s o l u t i o n  by some method of i t e r a t i o n .  The 
method t h a t  has been s e t  up t o  b e  used a t  Ames i n  a  d i g i t a l  computer program 
(see  r e f .  18) i s  t h a t  of  f i r s t  assuming t h e  d i r e c t i o n  of a  ray from t h e  eye 
of t h e  observer  toward t h e  window. This ray i s  then c a r r i e d  forward by an 
i t e r a t i v e  process  u n t i l  i t  i n t e r s e c t s  t h e  s u r f a c e  of d i s c o n t i n u i t y ,  a t  which 
po in t  t h e  r e f r a c t e d  ray  beyond t h e  su r f ace  i s  determined. The process  i s  
repeated i n  sequence f o r  each su r f ace  of t h e  window. When t h e  l a s t  s u r f a c e  
has been considered,  t h e  d i r e c t i o n  of t h e  r e f r a c t e d  ray beyond the  window i s  
then  known and can be  compared with the  d i r e c t i o n  of t h e  body s p e c i f i e d  as  
having been observed. The r o t a t i o n  vec to r  between t h e  r e f r a c t e d  ray  and t h e  
t r u e  ray t o  t he  ob jec t  i s  then determined, modified by the  amount of t h e  
r e f r a c t i o n  and appl ied  t o  t h e  o r i g i n a l ,  assumed, i n t e r i o r  r a y .  The whole 
process  i s  then repea ted  as  many times as necessary u n t i l  t h e  r e f r a c t e d  ray  
and t h e  t r u e  ray co inc ide .  A t  t h i s  p o i n t  t h e  l a s t  modified ray i s  t h e  one 
des i r ed .  As many s t e p s  i n  t h i s  loop may be added as  des i r ed  t o  account f o r  
mul t ip le  r e f r a c t i n g  s u r f a c e s .  
I t  i s  necessary then ,  t o  formulate equat ions t h a t  w i l l  r ep re sen t :  t h e  
three-dimensional  window su r face ,  t he  normal t o  t h e  s u r f a c e ,  t h e  r e f r a c t i o n  
of t h e  r a y ,  and t h e  i t e r a t i o n s  t h a t  may be  r equ i r ed .  A l l  a r e  t o  be repre-  
s en ted  i n  vec tor -mat r ix  form f o r  ease i n  computing t h e s e  three-dimensional  
e n t i t i e s .  
The computation of t h e  r e f r a c t i o n  of t h e  rays of  an objec t  observed 
through the  windows of a  p re s su r i zed  space capsule i s  complicated by t h e  f a c t  
t h a t  t h e  window shape must neces sa r i l y  be  d i c t a t e d  by cons idera t ions  of space 
a v a i l a b l e  f o r  windows and t h e i r  placement t o  accommodate c r i t i c a l  modes of 
f l i g h t  and maneuver. A s  a  consequence, t h e  windows, a s  bowed under a  d i f f e r -  
e n t i a l  p ressure ,  a r e  almost c e r t a i n  t o  have a  d i s t i n c t  lack  of symmetry, and 
t h e  r ays  t o  be considered a r e  almost c e r t a i n  t o  be  nonradia l ;  p rev ious ly  
developed ray  t r a c e  ana lyses  t h e r e f o r e  a r e  not  app l i cab le .  
The purpose of  t h i s  appendix i s  t o  develop an app l i cab le  r a y - t r a c e  
a n a l y s i s .  The development of t h i s  a n a l y s i s  w i l l  be c a r r i e d  out  i n  window 
coord ina tes ,  s i n c e  t h a t  i s  t h e  coord ina te  system i n  which t h e  window is most 
A e a s i l y  descr ibed  and i s  thus  
I( most convenient t o  u s e  when 
i t e r a t i o n s  a r e  r e q u i r e d .  
One v e c t o r ,  however, must be 
transformed i n t o  t h e  window 
coord ina te  system be fo re  t h e  
process  may be c a r r i e d  
through.    his i s  t h e  u n i t  
- v e c t o r  of t h e  observed celes-  
t i a l  body, which i s  provided 
i n  t h e  e q u a t o r i a l  i n e r t i a l  
coord ina te  system. 
The geometry of t h e  
t ransformat ion  may be  under- 
s tood  by r e f e r r i n g  t o  f i g -  
u r e s  7 and 8 .  In  f i g u r e  7 ,  
h t h e  fundamental i n e r t i a l  
coord ina te  system i s  des ig-  
na ted  as  ( f j k ) ,  with t h e  
T p r i n c i p a l  a x i s  i nd ica t ed  by 
t h e  d i r e c t i o n  t o  t h e  ve rna l  
Figure 7 . -  Orientat ion of  t h e  spacecraf t  coordinate 
system ( I ' J ' K ' )  with respect-;: the  equa tor ia l  
i n e r t i a l  coordinate system (IJK) . 
equinox T .  The body a x i s  
of t h e  space capsule  i s  
given a s  ( f ' j t ? ' ) ,  and t h e  
o r i e n t a t i o n  angles  r e l a t i v e  
t o  t h e  fundamental system as  
4, 1+9, and 0 .  The angles  4 
and @ a r e  s i m i l a r  t o  r i g h t  
ascension and d e c l i n a t i o n ,  
and they  desc r ibe  t h e  i n t e r -  
s e c t i o n  of t he  p r i n c i p a l  
body a x i s  with t h e  c e l e s t i a l  
sphere ,  while  0 i s  t h e  
r o l l  angle  of t h e  body. Fig- 
u r e  8 shows t h e  o r i e n t a t i o n  
of t h e  wipeow coord ina te  
system ( i j k )  with r e spec t  t o  
t he  body a x i s  system ( f ' j t^K9.  
The space capsule  i s  shown 
a s  conica l  i n  shape, s i n c e  
t h a t  seems t o  be  t h e  tvne  o f  
A ,. - ' L 
Figure 8.-  Orientat ion of the  window coordinate system ( i j k )  conf igura t ion  being consid- 
with respect t o  the spacecraf t  coordinate system (I'J'K'). ered for  space capsules  of 
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t h e  near  f u t u r e .  The half-cone angle  of  t h e  body i s  shown as  C ,  and t h e  
r o l l  angle  of t h e  window out  of t h e  r e f e rence  p l ane  of t h e  space capsule  i s  
given as  W .  From f i g u r e  8 ,  it can be seen t h a t  t h e  t ransformat ion  from t h e  
body a x i s  t o  t h e  window a x i s  system may be w r i t t e n  a s  
where 
And the  t ransformat ion  from t h e  e q u a t o r i a l  system t o  t h e  body ax i s  system may 
be w r i t t e n  as 
where 
Then the  complete t ransformat ion  from t h e  e q u a t o r i a l  system t o  the  window 
coord ina te  system may be  given as  
O r  i n  terms of a  u n i t  vec to r  SE i n  t he  e q u a t o r i a l  system and a  u n i t  v e c t o r  
SW i n  t h e  window coordinate  system 
The n o t a t i o n  used he re  f o r  u n i t  angular  r o t a t i o n  matr ices  i s  t h e  same as  t h a t  
given i n  appendix B .  
Next, one must develop a  vec tor -mat r ix  equat ion  r ep re sen t ing  t h e  th ree -  
dimensional r e f r a c t i n g  s u r f a c e  which may b e  accomplished i n  two s t e p s .  The 
f i r s t  of t h e s e  r equ i r e s  t h a t  t h e  general  shape of t h e  su r f ace  be generated by 
means of  a  s t r u c t u r a l  deformation-type program t h a t  makes use of t h e  phys i ca l  
c h a r a c t e r i s t i c s  of t h e  window, t h e  shape and th ickness  of t h e  window, and t h e  
p re s su re  d i f f e r e n t i a l  across  t h e  window. Programs of t h i s  type a r e  a v a i l a b l e  
f o r  use;  one of t hese  i s  descr ibed  i n  re ference  19. The output  of t h i s  
program i s  t h e  d e f l e c t i o n  of t h e  window a t  d i s c r e t e  p o i n t s  over i t s  s u r f a c e  
f o r  any p re s su re  d i f f e r e n t i a l .  Although t h i s  type of information r ep re sen t s  
the  s u r f a c e  with s u f f i c i e n t  accuracy, i t  i s  i n  a  nonanaly t ica l  form, and i f  i t  
i s  used d i r e c t l y  a  g rea t  dea l  of i n t e r p o l a t i o n  i s  r equ i r ed  s i n c e  t h e  r ays  w i l l  
i nva r i ab ly  f a l l  between t h e  po in t s  f o r  which the  d i s c r e t e  d a t a  a r e  a v a i l a b l e  
Consequently, as a  second s t e p ,  i t  i s  considered d e s i r a b l e  t o  convert t h e  
da t a  t o  an a n a l y t i c a l  form t h a t  i s  smooth and t r a c t a b l e  over  t he  p o r t i o n  of 
the window t h a t  w i l l  come under cons ide ra t ion ,  znd i n  add i t i on ,  may be 
expressed i n  t h e  des i r ed  vec tor -mat r ix  form. This may be  accomplished by 
f i t t i n g  polynomials t o  cu t s  through t h e  s u r f a c e ,  and f i t t i n g  the  c o e f f i c i e n t s  
of t hese  equat ions with polynomials i n  t h e  remaining v a r i a b l e .  The edges of 
the  windows, as i n s t a l l e d  i n  t h e  space capsule ,  may have clamped o r  uncltimped 
edges. Our equat ion should be capable of r ep re sen t ing  t h e  h ighes t  o r d e r  
curve thus generated.  This would b e  t h e  case with clamped edges, which pro- 
duce curves with two po in t s  of i n f l e c t i o n .  A fourth-degree equat ion,  used 
he re ,  w i l l  r ep re sen t  t h i s  type of s u r f a c e .  This technique can be used f o r  
h igher  o rde r  equat ions ,  f o r  which t h e  necessary  modif icat ions w i l l  be  
apparent .  
Let us now cons ider  t h a t  we have taken cu t s  through our  su r f ace  i n  
planes p a r a l l e l  t o  t h e  yz plane a t  cons tan t  values of t h e  x coo rd ina t e .  
F i t t i n g  t h e  r e s u l t a n t  d e f l e c t i o n s ,  i n  t h e  z coordina te ,  by l e a s t  squares  we 
now have s e v e r a l  equat ions of t h e  form 
where t h e  c o e f f i c i e n t s  a r e  func t ions  of x .  Equation ( C 2 )  may now be f a c t o r e d  
i n t o  t h e  form 
Since t h e  c o e f f i c i e n t s  a r e  func t ions  of x  and a r e  known from t h e  above 
mentioned l ea s t - squa res  f i t s  t o  t he  o r i g i n a l  da t a ,  we may r ep resen t  them as 
The values on t h e  l e f t  of t hese  equat ions a r e  known, as i s  t h e  v a r i a b l e  x ;  
hence we may f i t  t h e s e  c o e f f i c i e n t s  with a  l ea s t - squa re  process  a l s o .  
Equations ( C 4 )  may now be  f ac to red  i n t o  t h e  form 
Combining equat ions (C3) and (C5) y i e l d s  
z = r i ? r [ ~ ] X  
where 
Equation (C7)  i s  known as t h e  su r f ace  mat r ix  s i n c e  i t  r ep resen t s  t he  shape of 
t he  su r f ace  of t h e  bowed window under a  d i f f e r e n t i a l  p re s su re  of u n i t y .  When 
the  d i f f e r e n t i a l  p ressure  is  o the r  than un i ty ,  equat ion (C6) i s  mu l t ip l i ed  
by t h e  gage p re s su re  Ap, s i n c e  we may consider  t h e  d e f l e c t i o n  t o  b e  a  l i n e a r  
func t ion  of t he  p re s su re .  
- 
Although the  q u a n t i t i e s  Y and X a r e  not t r u e  geometr ical  vec to r s ,  s i n c e  
t h e i r  elements a r e  not  independent,  t h e  form of t he  equat ion s u i t s  our  pur- 
poses because an expansion of equat ion (C6) o r  (C8) produces t h e  mixed 
polynomial t h a t  we r e q u i r e .  
As i n d i c a t e d  i n  t he  above development, t h e  [MI mat r ix  would be  developed 
by f i r s t  f i t t i n g  curves as  a  func t ion  of y  by l e a s t  squares  a t  s e v e r a l  con- 
s t a n t  values of x ,  and then t h e  c o e f f i c i e n t s  from t h e s e  f i r s t  f i t s  would 
themselves be  f i t t e d  by l e a s t  squares  as  a  func t ion  of x .  A more expedi t ious  
method may b e  t h a t  of forming mat r ices  from t h e  var ious  given values of x,  y ,  
and z ,  and s o l v i n g  f o r  t he  [Ma matr ix  i n  a  s i n g l e  mat r ix  leas t - squares  so lu -  
t i o n .  This method may b e  r e a d i l y  developed as fol lows from equat ion (C6) . 
By s t ack ing  s e v e r a l  of t hese  equat ions under each o t h e r  f o r  a  cons tan t  va lue  
of x and f a c t o r i n g  i n t o  vec tor -mat r ix  form we have 
- 
Z = [Y] [MIX 
Now i f  we s t a c k  s e v e r a l  of t hese  equat ions alongside of each o t h e r  a t  cons tan t  
values of y ,  again f a c t o r i n g  i n t o  t h e  vector-matr ix form, we ob ta in  
The s t anda rd  method of forming t h e  normal equat ions i n  mat r ix  n o t a t i o n  may now 
be appl ied  by mul t ip ly ing  through t h e  equat ion from t h e  l e f t  by [y lT  and from 
the  r i g h t  by [x lT .  Thus 
Now i f  s u f f i c i e n t ,  redundant,  independent observat ions a r e  a v a i l a b l e  f o r  t he  
leas t - squares  reduct ion ,  t h e  q u a n t i t i e s  [ Y ] ~ [ Y ]  and [XI [ x ] ~  a r e  square ,  
nonsingular ,  and symmetrical,  b u t  nonorthogonal.  Thus i f  we so lve  f o r  t h e  
matr ix [MI we have 
T - 1  [MI = ( [ ~ I ~ [ ~ I ) - ~ E ~ I ~ c z I  [xlT([x1 [XI 
This i s  t h e  eaua t ion  used t o  d e t e r -  
mine t h e  su r f ace  mat r ix  [MI  when t h e  
d e s c r i p t i o n  of t h e  su r f ace  i s  
suppl ied i n  a  r ec t angu la r  t a b u l a r  
form . 
Now, having t h e  mathematical 
d e s c r i p t i o n  of t h e  window su r face ,  we 
can determine t h e  i n t e r s e c t i o n  of t h e  
assumed i n t e r i o r  r a y  with t h i s  su r -  
f a c e .  This  i s  an i t e r a t i v e  procedure, 
and i s  i l l u s t r a t e d  i n  f i g u r e  9 .  Here 
t h e  yicdow coord ina te  system i s  given 
a s  ( i l k ) ,  t he  vec to r  from t h e  o r i g i n  
l o c a t i n g  e i t h e r  t h e  eye of  t h e  
observer  o r  some r e fe rence  of - t h e  
instrument used, i s  given - as S ,  some 
Figure  9 . -  Geometry o f  t h e  scheme f o r  i n i t i a l  r ay  v e c t o r  as V 1 ,  which t e r -  
I t e r a t i n g  from t h e  base  p l ane  t o  t h e  minates i n  t h e  xy p lane ,  and a  vec- 
s u r f a c e  of  d i s c o n t i n u i t y .  t o r  i n  t h e  xy p l ane  c l o s i n g  with 
- - 
V 1  as  d .  Let 
3 9 
- 
where V1 i s  unknown. Now d i s  of t h e  form 
- 
d = xll + ylj + 0G 
and from f i g u r e  9 ,  
- A 
d = S + VIV 
decomposing 
then from the  t h i r d  equat ion 
and from t h e  f i r s t  two 
Now, i f  we s e t  
compute 
z1 = A~T:[M]X~ 
and p r o j e c t  t h e  increment of zl above t h e  & vec to r  onto the  d i r e c t i o n  
Now form 
and compute 
We may now loop back t o  t h e  equat ion f o r  z (eq.  (C13)) and continue t o  
compute u n t i l  \ R \  < E .  A t  t h i s  t ime,  t he  l a s t  values computed f o r  x ,  y ,  
and z a r e  t h e  coordinates  of t h e  p o i n t  of i n t e r s e c t i o n  of our ray with t h e  
r e f r a c t i n g  s u r f a c e ,  t o  the  accuracy which we have s p e c i f i e d  f o r  E .  The b a s i c  
scheme of t h i s  i t e r a t i o n  i s  t h$ t  by success ive ly  p r o j e c t i n g  the  value of  
( z  - RQ . 1;) onto the  vec to r  V we approach t h e  p o i n t  of i n t e r s e c t i o n  wi th  
the  window s u r f a c e .  This system appears t o  be  s t a b l e  f o r  a l l  continuous 
smooth s u r f a c e  func t ions .  
When the  coordinates  of t he  p o i n t  of i n t e r s e c t i o n  of  t h e  ray vec to r  ~ i t h  
the  su r f ace  has been e s t a b l i s h e d ,  t h e  u n i t  vec to r  normal t o  t he  su r f ace  (N) 
may be determined from t h e  g rad ien t  of  t he  s c a l a r  func t ion  F 
where 
and 
Af ter  t h e  u n i t  vec to r  normal t o  t he  s u r f a c e  has been e s t a b l i s h e d ,  t h e  
r e f r a c t e d  ray may be  computed by an eguat ion which w i l l  b e  developed wi th  t h e  
h e l p  of f i g u r e  10. The u n i t  vec to r  N i s  t h e  normal t o  t h e  s u r f a c e  of  
d i s c o n t i n u i t y ,  on e i t h e r  s i d e  of which e x i s t  
a  medium of  t ransmiss ion  whose i n d i c e s  of 
r e f r a c t i o n ,  r e l a t i v e  t o  f r e e  space,  a r e  
~2 and n l .  The i n c i d e n t  ray has u n i t  v e c t o r  
I and angle of inc idence  i, while  t h e  
r e f r a c t e d  ray has u n i t  vec to r  k and r e f r a c -  
t i o n  angle r .  The two p r i n c i p a l  p recep t s  of 
geometr ical  o p t i c s  a r e  t h a t  t h e  vec to r s  
I  , k ,  and fi a r e  coplanar ,  and t h a t  S n e l l  s  
Law holds : 
s i n  i - n2 
s i n r  nl 
From t h e  requirement o f  cop lana r i ty ,  we may 
w r i t e  
A A A 
I  x N = s i n i c  
and 
k x f i = s i n r c  
Figure 10.- Refraction at a surface of 
discontinuity. where i s  a  u n i t  vec to r  normal t o  i ,  k ,  
and 6. The e l imina t ion  of from t h e  two 
equations leaves 
s i n  r A nl  A (6  x fi) = -(i  x N) = - 
s i n  i ( I  x Ij) n2 
I f  now, we cross  through t h i s  equat ion with fi from t h e  l e f t ,  we may so lve  
f o r  t he  vec to r  R ,  which gives us 
Although t h i s  equat ion has been developed on t h e  b a s i s  of  r e f r a c t i o n ,  and we 
w i l l  use  i t  f o r  t h a t  purpose, i t  app l i e s  equal ly  wel l  t o  r e f l e c t i o n  by merely 
s e t t i n g  n l  and n2 equal  t o  each o t h e r  and t ak ing  t h e  negat ive s i g n  on the  
r a d i c a l  . 
The s t a r  u n i t  vec to r ,  a l ready  transformed i c t o  t he  window coord ina te  
system, i s  now compared with t h e  r e f r a c t e d  ray R. (For s i m p l i c i t y ,  we w i l l  
c a l l  the s t a r  vec to r  i n  t he  window coordinate  system 5 . )  This may be 
accomplished by comparing t h e  angle with an a r b i t r a r y  assigned l i m i t ,  such as  
Now i f  t h e  r e f r a c t e d  ray  i s  not  a l i n e d  with t h e  s t a r  vec to r  ( f i g .  l l ) ,  i t  
i s  necessary t o  modify t h e  i n t e r n a l  vec to r  and cont inue with another  
i t e r a t i o n .  The mod i f i ca t ion  
A of t h e  o ld  i n t e r n a l  v e c t o r  
may be accomplished i n  t h e  
fo l lowing  manner. Two 
assumptions a r e  made. The 
f i r s t  i s  t h a t  t h e  i n t e r n a l  
vec to r s  and t h e  e x t e r n a l  vec-  
t o r s  a r e  coplanar;  t h a t  i s  
6 x 2  - 
- co ld  ?new 
Ii 21 / c o l d  $new1 
The second i s  t h a t  t h e  magni- 
tude of t h e  angle  change i s  
modified by t h e  r a t i o  of  t h e  
change i n  t h e  angle  o f  i n c i -  
dence t o  t h e  change i n  t h e  
Figure 11 .- Rotat ion o f  i n t o  t h e  s t a r  v e c t o r  and generat ion angle  of r e f r a c t i o n .  I f  G 
- 
of Vne, from void r ep re sen t s  t h i s  r a t i o ,  t hen  
When t h e  second of t hese  equat ions i s  s u b s t i t u t e d  i n t o  t h e  f i r s t  t he  r e s u l t  
i s  
,. 
This may b e  so lved  f o r  Vnew by c ross ing  through t h e  equat ion from t h e  
r i g h t  wi th  Void. The r e s u l t  i s  
with t h e  assumption t h a t  
Since t h i s  assumption w i l l  des t roy  the  u n i t  magnitude of t he  vec to r ,  t h e  
u n i t  v e c t o r  may be  found from 
The gain f a c t o r  G may be  der ived  simply by s t a r t i n g  with the  equat ion  
s i n  i - n2 
s i n s  n l  
and d i f f e r e n t i a t i n g ,  we have 
and t h i s  we may reduce t o  
which i s  t h e  gain f a c t o r  through a  s i n g l e  r e f r a c t i n g  s u r f a c e .  Now i f  s e v e r a l  
r e f r a c t i n g  su r f aces  a r e  i n  t he  pa th  of t h e  r ay ,  then  we may w r i t e ,  wi th  
s u f f i c i e n t  approximation 
s i n c e  t h e  change i n  t he  i n c i d e n t  ray  a t  a  su r f ace  i s  equal t o  t h e  change i n  
t he  r e f r a c t e d  ray a t  t h e  preceding s u r f a c e .  
The e n t i r e  process  i n  i t s  proper  o rde r  may be convenient ly l i s t e d  i n  
s t e p  form as fo l lows:  
1. Transform t h e  observed s t a r  u n i t  vec to r  from e q u a t o r i a l  i n e r t i a l  
coordinates  t o  window coordinates  us ing  equat ion (Cl) . 
2.  Assume any convenient value of t h e  i n t e r n a l  u n i t  vec to r  ? (values 
of a ,  6 ,  and y i n  eq.  (C10)) . A convenient value i s  a = B = 0 ,  and y = 1. 
3 .  Compute t h e  i n t e r s e c t i o n  of t h i s  vec to r  with t h e  p lane  of t h e  
undef lec ted  window using equat ion (C11). 
4 .  S e t  V1 = 0 ,  equat ion (C12). 
5 .  Using equat ions (C13) t o  (C16), i t e r a t e  t o  f i n d  t h e  i n t e r s e c t i o n  of 
t he  ray with t h e  de f l ec t ed  su r f ace  of  t h e  window. 
6 .  Compute t h e  normal t o  t h e  s u r f a c e  us ing  equat ion (C17). 
7 .  Compute t h e  r e f r a c t e d  ray us ing  equat ion (C18). 
8.  Repeat s t e p s  3 t o  7 f o r  each of t h e  r e f r a c t i n g  s u r f a c e s .  
9 .  Using equation (C19), determine t h e  angle between t h e  f ree-space  
r e f r a c t e d  ray and t h e  s t a r  vec to r  determined i n  s t e p  1. 
10. I f  t h e  angle determined i n  s t e p  9 i s  too  l a r g e ,  compute a  new 
i n t e r n a l  u n i t  vec to r  using equat ion (CZO), inc luding  t h e  ga in  f a c t o r  computed 
from equat ion ((2.21). 
11. I t e r a t e  t h e  e n t i r e  process  from s t e p s  3 through 10 u n t i l  t h e  angle  
determined i n  s t e p  8 is  small  enough. 
1 2 .  The f i n a l  r e f r a c t e d  ray i s  then co inc ident  with t h e  s t a r  ray  and 
the  proper  i n i t i a l  i n t e r n a l  ray  vec to r  has been determined. 
This theory has been programmed i n  FORTRAN I V  f o r  opera t ion  on an 
IBM 7094 d i g i t a l  computer. The ope ra t ion  of t h e  program i s  completely d i s -  
cussed i n  re ference  14.  An i n d i c a t i o n  of t h e  accuracy of  t h e  theory ,  as 
programmed, r e l a t i v e  t o  t h i n  lens  theory may be  gained by comparing t h e  f i g -  
ures i n  t a b l e  11. These were obta ined  by computing t h e  d e f l e c t i o n  of 
TABLE 11.- COMPARISON BETWEEN DEFLECTION ANGLE COMPUTED BY THIN 
LENS THEORY AND THE PRESENT THEORY AND COMPUTER PROGRAM 
para-ax ia l  rays  pass ing  through a  t h i n  s p h e r i c a l  l ens  6 inches i n  diameter ,  
0.38 inch t h i c k  a t  t h e  edges with two s p h e r i c a l  su r f aces  of 1 1 . 6 0 ~ 1 0 - ~  inch  
s a g i t t a l  h e i g h t .  The dimensions of t h i s  lens  corresponds t o  a  po r t ion  o f  a  
s imulated s p a c e c r a f t  window f o r  which o t h e r  t e s t  d a t a  were computed. The 
equat ion,  i n  t h i n  lens  theory ,  used as a  check was 
where 
n2/nl = 1.458 
D = 0.380 i n .  
R = 38,793.10 i n .  ( rad ius  of curva ture)  
The mat r ix  [MI used i n  equat ion (C7) f o r  the  computation i n  t h e  p re sen t  theory 
was 
This was obtained from t h e  equat ion f o r  a s p h e r i c a l  su r f ace  of s a g i t t a l  
he igh t  h 
by expanding i n  t h e  binomial theorem. I t  i s  apparent from t h e  two r igh t -hand 
columns of t a b l e  I 1  t h a t  t he  two methods of computation d i f f e r  by a maximum 
of only 0f!006. This d i f f e r ence  could we l l  be  due t o  round o f f  e r r o r s  i n  t h e  
computation. 
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